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“When you possess light within, you see it externally.”
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Abstract
Nonclassical states, having no classical analogue, promise advantage in the performance in sev-
eral fields of technology, such as computation, communication, sensing. This led to an escalated
interest in the recent years for the generation and characterization of nonclassical states in var-
ious physical systems of interest. Keeping this in mind, we examined generation of various
lower- and higher-order nonclassical states in both codirectional and contradirectional asym-
metric nonlinear optical couplers operating under second harmonic generation with the help of
moments-based criteria. Using another such system (a symmetric nonlinear optical coupler),
we have also established the possibility of observing quantum Zeno and anti-Zeno effects and
further reduced the obtained results to yield the corresponding expressions for the asymmetric
coupler. These studies have been accomplished using a complete quantum description of the
system considering all the field modes as weak. Further, characterization of nonclassicality in
spin systems using quasiprobability distributions has been performed, which has also provided
us the dynamics of the amount of nonclassicality (using nonclassical volume). As the recon-
struction of quasiprobability distributions is possible with the help of tomograms accessible in
the experiments, tomograms are computed here for both finite and infinite dimensional systems.
Finally, a set of controlled quantum communication (both insecure and secure) schemes with
minimum number of entangled qubits has been proposed, which is also analyzed over Marko-
vian channels. The optimized controlled secure quantum communication scheme is observed
to be reducible to several cryptographic tasks. Using this interesting observation, we obtained
the performance of a set of cryptographic schemes over non-Markovian channels, too.
xi

CHAPTER 1
Introduction
1.1 History of quantum mechanics and quantum optics
The journey of quantum physics started with Planck’s revolutionary idea of quantizing energy
transfered from the oscillators in the cavity wall to the radiation field to resolve the ultravi-
olet catastrophe in black-body spectrum [1]. His thesis was later extended by Einstein in an
effort to explain the photoelectric effect [2]. Specifically, Einstein’s proposal established that
energy is not only transfered to the radiation field in a quantized manner, it also traverses in
the quantized fashion (see [3] for a detailed review). Chronologically, this was followed by
some remarkable feats, such as Bohr model, stimulated emission and Einstein coefficients, de
Broglie’s matter waves, Heisenberg’s uncertainty principle, Dirac’s quantum theory for radia-
tion, Heisenberg’s matrix mechanics, Schrödinger equation, which changed our understanding
of microscopic world completely.
Today in the view of quantum mechanics, which has grown to become the most sophis-
ticated model of nature, the interaction between light and matter can be modeled using three
approaches [4]. Firstly, the classical optics, as the name suggests, treats the atoms as dipoles
and light as electromagnetic wave (solution of Maxwell’s equations); the second one is the semi-
classical optics, where atom is considered quantized, but light is still considered as the electro-
magnetic wave; and finally, quantum optics which considers an interaction between quantized
atom and photons. The semiclassical theory provides a successful explanation to various phe-
nomena, when the classical theory fails to do so. In some cases, applicability of semiclassical
optics is found to be enhanced by taking vacuum fluctuation into consideration with the usual
semiclassical theory. Here, also note that although the photoelectric effect can be described
semiclassically, due to unavailability of the concept of quantization of atomic energy levels at
that time Einstein preferred the notion of light quanta (now known as photon) [3]. Therefore,
it poses a serious question whether it is possible to characterize the quantum states and phe-
nomena, which cannot be explained in the domain of classical physics. Before we address this
question in Section 1.3, it would be apt to briefly introduce quantum theory of radiation in the
1
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following section.
We will conclude the present section by introducing a few basic mathematical tools of quan-
tum mechanics which will be useful in understanding the present work. Quantum mechanics
allows one to write a mathematical function ψ describing whole information of a quantum sys-
tem in a Hilbert space H of suitable dimension N. This function is called wavefunction or
wavevector and can be represented by an N element column vector. In the Dirac notation [5],
the state of a quantum system is represented by a ket as |ψ〉, and its adjoint as a bra 〈ψ| (which
becomes a row matrix). Also, a quantum state defined in two (N) dimensional Hilbert space is
known as qubit (qunit). Further, every quantum state in an N-dimensional Hilbert space can be
expanded in N linearly independent state vectors known as basis vectors, and the set of such
orthogonal vectors is called a basis set.
Further, all physical observables are characterized by Hermitian operators (Oˆ), which give
one of the real eigenvalues (i.e., Oˆ|ψ〉 = e|ψ〉) of the operator on measurement. The average
value of the physical quantity can be calculated as 〈Oˆ〉 = 〈ψ|Oˆ|ψ〉. In principle, information
of a physical observable can be extracted from the quantum system by its interaction with an
external measuring device. The quantum state after one such quantum measurement resulting
in mth outcome can be written as [6]
|ψm〉 = Mm|ψ〉√
〈ψ|M†mMm|ψ〉
, (1.1)
where the quantity in the denominator corresponds to the probability pm of the mth outcome.
Instead of this selective measurement, one can also write the non-selective measurement leading
to a mixture of quantum states corresponding to different measurement outcomes. Such mixture
can be denoted with the help of density matrix ρ =
∑
m
pm|ψm〉〈ψm|. One can reduce it to obtain
the density matrix of a pure state as ρm = |ψm〉〈ψm|. Independently, one can also obtain a mixed
state after tracing over a subsystem of an entangled quantum state1. A detailed discussion of
the mathematical techniques required in the fields of quantum mechanics and optics may be
safely circumvented here, restricting our review to the topics that would be required for the
understanding of the present thesis work. For more detail, the interested readers may refer to
interesting books [4, 7–17] on this topic.
1Entanglement will be discussed in detail in Section 1.3.4.
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1.2 Dirac’s quantum theory of radiation
A complete classical description of electromagnetic field can be given by Maxwell’s equa-
tions [18]. Our focus in the present work is the description of light and its properties beyond
Maxwell’s equations and applications of such properties. Therefore, it would be apt to begin
with Maxwell’s equations in free space
∇ · E = 0, (1.2a)
∇ · B = 0, (1.2b)
∇ × E = −∂B
∂t
, (1.2c)
and
∇ × B = 1
c2
∂E
∂t
, (1.2d)
where c = 1√
µ00
is the speed of light in vacuum defined in terms of permittivity (0) and per-
meability (µ0) of the free space. The set of equations (1.2a)-(1.2d) enables one to describe both
electric and magnetic fields as soultion of wave equations, such as
∇2E − 1
c2
∂2E
∂t2
= 0. (1.3)
To quantize the radiation field [11,19,20], we begin with a linearly polarized electric field in
a cavity of length L propagating in the z direction. Due to linearity of the wave equation (1.3),
we can write the electric field as a linear combination of all the normal modes as
Ex (z, t) =
∑
n
Anqn (t) sin (knz) , (1.4)
where qn is the normal mode amplitude for the nth mode (for integer n) with kn = npiL . Further, in
the introduced notation An =
(
2mnν2n
0V
)1/2
with νn = c kn, V is the volume of the resonator; and mn
is a constant in the units of mass. Using this, we intend to establish an equivalence of radiation
with mechanical oscillator. Further, with the help of Eq. (1.4), we can obtain corresponding
3
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magnetic field in the cavity to be
By (z, t) =
∑
n
An
(
q˙n
c2kn
)
cos (knz) . (1.5)
Thus, total energy for the field can be expressed as a classical Hamiltonian
H =
1
2
∫
V
dτ
(
0E2x +
1
µ0
B2y
)
,
which can be rewritten as (after using Eqs. (1.4) and (1.5) and integrating over total volume
taking into account the orthogonality of normal modes)
H =
1
2
∑
n
(
mnν2nq
2
n + mnq˙
2
n
)
=
1
2
∑
n
(
mnν2nq
2
n +
p2n
mn
)
, (1.6)
with pn = mnq˙n in the dimensions of momentum.
The position and momentum operators may be shown to obey the commutation relations
[
qn, pm
]
= i~δnm,
[
qn, qm
]
=
[
pn, pm
]
= 0,
where ~ is the reduced Planck’s constant. Exploiting which a new set of operators can be
introduced as
ane−iνnt =
1√
2~mnνn
(mnνnqn + ipn) (1.7a)
and
a†ne
iνnt =
1√
2~mnνn
(mnνnqn − ipn) (1.7b)
giving much simpler form to the Hamiltonian (1.6),
H =
∑
n
~νn
(
a†nan +
1
2
)
, (1.8)
also respecting the commutation relation
[
an, a†m
]
= δnm, [an, am] =
[
a†n, a
†
m
]
= 0.
Further, one can write the electric and magnetic fields in terms of the operators, an and a
†
n
referred to as the annihilation and creation operators, respectively. Here, we rather report the
4
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electric and magnetic fields quantized in the free space as [11, 19]
E
(
~r, t
)
=
∑
k
ˆkEkake−iνkt+ik·~r + H.c., (1.9a)
and
B
(
~r, t
)
=
∑
k
k × ˆk
νk
Ekake−iνkt+ik·~r + H.c., (1.9b)
where Ek =
(
~νk
0V
)1/2
is a constant of the same dimensions as that of the electric field; and ˆk
corresponds to a unit polarization vector with the wavevector k.
We have already shown that a single-mode field is equivalent to harmonic oscillator (1.8).
Therefore, exactly solvable harmonic oscillator system plays a crucial role in quantum optics.
As the eigenfunctions of this system form a complete basis, known as Fock basis, this allows us
to expand an arbitrary quantum state in the Fock basis.
We are now in a position to introduce another important quantum state known as the co-
herent state (|α〉) represented as an infinite superposition of Fock states which is an eigenket of
the annihilation operator a, such that a|α〉 = α|α〉. The coherent state is one of the widely used
quantum states due to its several interesting and useful properties. Specifically, Schrödinger
introduced this kind of states as minimum uncertainty states [21]. Mathematically, the coherent
state can be written in the Fock basis as
|α〉 =
∞∑
n=0
cn|n〉 = exp
(
−|α|
2
2
) ∞∑
n=0
αn√
n!
|n〉, (1.10)
where {|n〉} is the Fock basis, and |cn|2 is the probability of obtaining the nth Fock state (|n〉)
or an n photon state in a measurement performed in the Fock basis. Note that, α can take
any complex value. Using this simplified expression (1.10), one can easily obtain the photon
number distribution as P (n) = |cn|2, which follows the well-known Poisson distribution. It
can be easily verified that the same expression of coherent state can be obtained by application
of the displacement operator D(α) on the vacuum state |0〉, i.e., D(α)|0〉 = eαa†−α∗a|0〉 = |α〉.
Further, two arbitrary coherent states are not orthogonal to each other due to which the set of
all coherent states form an overcomplete basis [22].
5
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1.3 Nonclassical states and their characterization
As mentioned previously, the true essence of quantum theory of light, which is briefly intro-
duced in the previous section, can be captured only through the nonclassical states. Specif-
ically, the quantum states not having a classical counterpart show nonclassical behavior and
consequently called the nonclassical states. In the present section, we will describe some tools
that can be used to characterize such states.
1.3.1 Quasiprobability distributions
A complete theoretical characterization of quantum states able to show nonclassical features
was made possible only due to Glauber’s [23, 24] and Sudarshan’s [25] research papers pub-
lished independently in 1963. Specifically, Klauder established the overcompleteness of the
coherent state basis [22] using which Sudarshan had obtained a diagonal representation of an
arbitrary quantum state in the coherent state basis, such as
ρ =
∫
dP (α) |α〉〈α| , (1.11)
where the function P (α) is now known as Glauber-Sudarshan P-function, which is normalized
to unity as
∫
dP (α) = 1. Initially, Sudarshan’s optical equivalence principle [25] established
that the expectation value of an operator written in the normal ordered form (i.e., all the creation
operators are placed in the left side of the annihilation operators) can be calculated as a complex
classical distribution function. Mathematically, it can be represented as
Tr
[
ρ
(
a†man
)]
=
∫
dP (α) (α∗mαn) . (1.12)
The Glauber-Sudarshan P-function is real due to Hermiticity of the density matrix ρ, but it fails
to behave like a classical distribution function as it may take negative values. In analogy of
the Wigner’s attempt to give the phase space description of quantum mechanics [26], the quan-
tum state for which P-function can no longer be interpreted as classical probability distribution
function is known as nonclassical state. Due to this property of the P-function and other dis-
tribution functions used in quantum optics with similar properties are called quasidistribution
functions or quasiprobability distributions. Before discussing the relevance of the P-function
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as a necessary and sufficient criterion of nonclassicality, it becomes imperative to discuss other
quasidistribution functions.
The Wigner function, associated with a state ρ, is the symplectic Fourier transform of the
mean value of the displacement operator D(α) in the state ρ as
W(α) =
1
pi2
∫
d2βTr
[
ρD(β)
]
eβα
∗−β∗α (1.13)
leading to the standard representation of the Wigner function as the Fourier transform of the
skewed matrix representation of ρ, i.e.,
W(η, η) =
1
2pi
∫ ∞
−∞
dξ〈a − ξ
2
|ρ|a + ξ
2
〉eiξb (1.14)
with a and b being real, and η = 1√
2
(a + ib). Similarly, the Q-function [27] is related to the
expectation value of ρ with respect to the coherent states as
Q(β, β∗) =
1
pi
〈β|ρ|β〉, (1.15)
where |β〉 is a coherent state. Note that the P and Q functions are associated with the normal and
anti-normal (all the creation operators are placed in the right side of the annihilation operator)
ordered form of operators; while the Wigner function is related to the symmetric ordering (mean
value of both normal and anti-normal ordered operators). The negative values of the Wigner and
P functions correspond to nonclassicality of the quantum state [23–26], whereas zeros of the
Q-function provide signatures of nonclassical behavior [28]. Detailed discussion of all these
quasidistribution functions and their applications in quantum optics can be found in [16].
Let’s get back to the P-function, which despite being experimentally non-reconstructable
for an arbitrary state, has been of prime interest as it provides us an important indicator of non-
classicality. The negative (non-negative) values of the P-function necessarily correspond to the
nonclassical (classical) behavior of the state under consideration. One interesting result using
this fact establishes that, from the set of pure quantum states only coherent states have a positive
P-function [29], therefore the set of nonclassical pure states may be larger than that of classical
states. This fact and the experimental impracticality of the P-function in its reconstruction led
to numerous feasible substitutes as nonclassicality witness. One such witness was proposed by
Richter and Vogel as an infinite set of moments-based criteria, which can be shown to be equiv-
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alent to the P-function [30]. Specifically, a hierarchy of the lower- and higher-order criteria
involving experimentally measurable quantities, such as the phase quadrature, intensity, is ob-
tained, where the failure of any criterion from this set establishes the nonclassical nature of the
state. Here, it is also worth noting that in different contexts, it is shown that at least fourth-order
moments in position and momentum (consequently second-order in intensity) are required to es-
tablish the nonclassical properties of a system [31,32]. Therefore, all the nonclassicality criteria
that include terms that are third- or higher-order in intensity (or sixth- or higher-order moments
in position) are defined as higher-order nonclassicality. These higher-order criteria become rel-
evant due to their certain advantages in the detection of weak nonclassicality [30, 33–35]. In
this section, we will restrict our discussion to quantized radiation field. The quasidistribution
functions for the spin systems will be discussed in Chapter 4.
Once it is known that certain quantum state or system possesses nonclassical features, the
next task in hand is to identify the type of nonclassicality present, which can further be exploited
to accomplish certain quantum enhancement or speed-up over corresponding classical technol-
ogy. It would not be feasible to discuss all types of nonclassical properties here, therefore we
restrict ourselves to some of the nonclassical features that are widely discussed throughout the
present work.
1.3.2 Squeezed states and their characterization
The famous Heisenberg’s uncertainty principle quantifies our limits for precise measurement
of two non-commuting observables. In mathematical terms, the variances in the measured
values of two non-commuting observables A and B are known to satisfy ∆A∆B ≥ 12 |〈[A, B]〉|.
Therefore, a quantum state can be termed as squeezed state iff (∆A)2 or (∆B)2 < 12 |〈[A, B]〉|.
To characterize squeezing in a single-mode radiation field one can introduce two Hermitian
quadrature operators
X =
1
2
(
a + a†
)
and Y =
1
2i
(
a − a†
)
, (1.16)
which are dimensionless position and momentum operators with [X,Y] = i2 , 0. Therefore, a
quantum state is squeezed iff
(∆X)2 <
1
4
or (∆Y)2 <
1
4
. (1.17)
It may be noted that squeezed state was introduced in the early days of quantum mechanics by
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Figure 1.1: Schematic diagrams for the detection of (a) quadrature squeezing, (b) antibunching,
and (c) entanglement in a quantum input a (a1 and a2 in (c)).
Kennard [36]. Further, it would also be appropriate to mention here that one of the properties
of coherent states is being a minimum uncertainty state, i.e., (∆X)2 = (∆Y)2 = 14 .
For now, we will focus on the experimental detection of quadrature squeezing, which is car-
ried out using homodyne and heterodyne detection schemes as shown schematically in Figure
1.1 (a). The homodyne (heterodyne) detection technique uses the local oscillator mode of the
same (different) frequency as that of the input mode.
Specifically, in a balanced homodyne detection, the single-mode quantum input (in mode
a) is mixed at a symmetric beamsplitter with a strong classical field (in mode b) from a local
oscillator. The output modes of the beamsplitter can be easily obtained as c = 1√
2
(a + ib) and
d = 1√
2
(ia + b) , respectively. Subsequently, the difference of the photocurrents of the two
detectors is obtained as output 〈c†c−d†d〉 = i〈a†b−b†a〉. Without any loss of generality, we can
assume the strong local oscillator (b) mode as a coherent state |α| exp (iφ) and obtain the output
as i|α|〈a† exp (iφ) − a exp (−iφ)〉. Using the quadrature operators defined in Eq. (1.16), one can
write a = X + iY and a† = X − iY. Therefore, the output can be written in terms of quadrature
operators as 2|α|
〈
X cos
(
φ + pi2
)
+ Y sin
(
φ + pi2
)〉
.
One can check that the output depends on the phase of the local oscillator, and by controlling
9
CHAPTER 1. INTRODUCTION
the phase angle φ each quadrature can be addressed, and corresponding quadrature squeezing
can be detected. Interestingly, the applications of homodyne detection are not restricted to de-
tection of squeezing. On top of that, the quasidistribution functions of the input quantum state
can also be reconstructed by obtaining the probability distribution of the rotated quadrature
phase for all values of the phase of the local oscillator known as quantum optical tomogra-
phy [37]. Tomograms of finite and infinite dimensional states will be discussed in detail in
Chapter 5. Further, we would like to note that there exists a notion of higher-order squeezing,
and it is popularly defined in two ways–amplitude powered squeezing [38] and Hong-Mandel
squeezing [39, 40]. In fact, in what follows, we will report lower- and higher-order squeezing
in codirectional and contradirectional optical couplers in Chapter 2. For now, we will proceed
to other types of nonclassicality and their detection mechanism.
1.3.3 Antibunched states and their characterization
Antibunching is another type of nonclassicality, which is invariably discussed in the field of
quantum optics and quantum information due to its application in a long list of single-photon-
based communication schemes and their experiments [41–44]. Traditionally, a thermal source
is known to radiate multiphoton pulses. However, to implement BB84 2 quantum key distribu-
tion (QKD) [41] and similar protocols [42–44] for secure quantum communication, we would
require on demand single photon source [45, 46].
Characterization of a single photon source can be performed using the famous HBT experi-
ment. Originally, the HBT experiment [47] designed by Hanbury Brown and Twiss manifested
the relevance of the second-order intensity correlation in stellar interferometer. The idea was
later employed in quantum optics, where the photons generated from a light source to be char-
acterized falls on a beam splitter, with vacuum in the other input port, followed by a detector on
each output port (cf. Figure 1.1 (b)). It is not difficult to control the distance of each detector
from the beam splitter, and varying the difference between the distances (τ), the second-order
correlation function, g(2)(τ) = 〈a
†(t)a†(t+τ)a(t+τ)a(t)〉
〈a†(t)a(t)〉〈a†(t+τ)a(t+τ)〉 , can be obtained. Equivalently, one can fix
the distance of the detectors from the beam splitter and let the electronics deal with this. This
reveals the probability of detecting two photons together normalized to the photon numbers.
A perfectly coherent source is expected to give unit value for g(2)(τ) for all possible values of
2BB84 is the first quantum key distribution scheme proposed by Bennett and Brassard in 1984, thus known as
BB84 protocol.
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τ. Additionally, a thermal source will have g(2)(τ) > 1, while g(2)(τ) < 1 would illustrate a
truly quantum feature, i.e., the photons are not bunched together, hence termed as antibunch-
ing [4, 48, 49].
The schematic diagram in Figure 1.1 (b) demonstrates the optical elements required for de-
tection of antibunched light. Specifically, a photon detected at one of the single photon detectors
starts a current, which stops only after a click at the second detector. One can record the time
interval for which the current was flowing with a large sample size, and this can be used to
subsequently reveal the quantum nature of the source if g(2)(0) < g(2)(τ) [4]. It would be apt to
mention here a closely related quantum behavior of light, i.e., sub-Poissonian statistics of light
characterized as g(2)(0) < 1. Specifically, fluctuations in the photon number can be calculated
as (∆N)2 = 〈N2〉 − 〈N〉2 with the number operator N = a†a. This can also be written after
normal ordering as (∆N)2 = 〈a†2a2〉 + 〈a†a〉 − 〈a†a〉2. Note that in the case of coherent state,
which shows Poisson distribution, we obtain (∆N)2 = 〈N〉. Therefore, all the cases leading to
(∆N)2 > 〈N〉 and (∆N)2 < 〈N〉 are termed as super-Poissonian and sub-Poissonian statistics,
respectively. We are mainly interested in sub-Poissonian statistics due to unavailability of its
classical counterpart [29, 50, 51], and one can verify that mathematically g(2)(0) < 1 signifies
the same nonclassicality. Also, the sub-Poissonian character of light ensures antibunching in
the light at least for some timescale. Interestingly, though a relation between the lower-order
sub-Poissonian statistics and antibunching criteria can be established by reducing them to the
same form [51–54], this is not the case with the corresponding higher-order criteria [53, 54].
A detailed discussion will follow during discussion of higher-order antibunching criterion in
Chapter 2. In fact, in what follows, we will report lower- and higher-order antibunching in
codirectional and contradirectional optical couplers in Chapter 2. However, right now, we will
rather shift our attention to multi-mode nonclassicality.
1.3.4 Entangled states and their characterization
One of the most promising quantum resources nowadays is entanglement. In principle, en-
tanglement can be viewed as a superposition in the tensor product space which fails to satisfy
separability condition. Suppose that a system can be defined by a quantum state |ψ〉 in the
Hilbert space H = H1 ⊗ H2, and we fail to write two independent quantum states of the indi-
vidual sub-systems in the Hilbert spaces H1 and H2 as |ψ〉 , |ψ1〉 ⊗ |ψ2〉, we term the state as
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inseparable or entangled state. Without any complication, one can write a similar expression
for the signature of entanglement for the mixed states as ρ ,
∑
i
piρi1 ⊗ ρi2.
In the next chapter, we will enlist some criteria of inseparability of two- and multi-mode
quantum states and use them in our theoretical studies in that chapter. Here, we rather focus
on the experimental detection of entanglement. To accomplish this task, we require two sets
of apparatus used for the detection of squeezing using balanced homodyne or heterodyne tech-
nique (discussed in Section 1.3.2). For the homodyne detection, we have to use a single local
oscillator in one of the input ports of both the beam splitters where two modes under consid-
eration (of the same frequency as that of the local oscillator) are mixed with them (see Figure
1.1 (c)). Quite similar to the homodyne detection for squeezing, the difference of current gen-
erated from both the detectors in each set of detection apparatus is further collected, and the
difference of this current gives the signature of entanglement in the quadratures addressed by
controlling the phases of the two homodyne detection setups independently (see [55] for detail).
Another scheme of entanglement detection of polarized photons involves coincidence counts of
two detectors on which two modes generated due to a nonlinear process shine ( [56] and ref-
erences therein). We will discuss some applications of entangled states in Section 1.7 and the
next chapters.
Before concluding the section, we would like to mention that quantum feature of various
types of nonclassicality can be established using the fact that the criteria mentioned here (and
also in the next chapter) show nonclassical behavior only when the corresponding P-function
becomes non-positive. For example, the criterion for sub-Poissonian photon statistics (also
revealing antibunching) 〈a†2a2〉 − 〈a†a〉2 < 0 can be written using optical equivalence principle
as ∫ P (α) |α|4d2α − (∫ P (α) |α|2d2α)2 = ∫ P (α) [|α|2 − (∫ P (α′) |α′|2d2α′)]2 d2α < 0.
From which it can be easily concluded that the quantity in the left hand side can only become
negative for non-positive values of P (α) . Similarly, one can check the negativity of Glauber-
Sudarshan P-function for the presence of the remaining nonclassical features. The interested
readers may find similar proofs and detailed discussion on the experimental detection of various
types of nonclassical states in Refs. [4, 17, 55]. Note that this thesis presents a theoretical
work, but in this chapter, we have briefly discussed experimental techniques that may be used
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to validate the theoretical predictions of the present work. This is done to establish that the
theoretical research performed here can be realized and tested.
1.4 Role of nonlinear optics in the generation of nonclassical
states
In Refs. [57,58], it is claimed that linear optics conserves both quantumness and mixedness of a
quantum state. Therefore, generation of nonclassical states is closely associated with nonlinear
optics ( [59] and references therein). In brief, when a very intense light falls on a material, the
polarization induced in it no longer remains a linear function of the applied electric field (E)
and involves higher powers of E as well. The induced polarization for these optical materials
can be written as [16, 59]
P = ε0
(
χ(1)E + χ(2)E2 + χ(3)E3 + . . .
)
,
where χ(n) is nth-order susceptibility of the medium, which is characterized by an (n + 1)th rank
tensor.
Usually, photons interact weakly, due to which they decohere less, and this is why photon
(optical qubit) is one of the widely used quantum resources. Various quantum information
applications exploiting optical qubits involve linear optics, i.e., with a small photon number and
weak interaction. The remaining tasks can be accomplished in two ways [60]. Specifically,
as we were discussing, increasing the photon number one enters into the regime of classical
nonlinear optics with the weak interaction strength [60]. However, numerous tasks in quantum
optics and quantum information processing require nonlinear optics with higher interaction
strength and low intensity, which is studied under the domain quantum nonlinear optics. For
instance, certain operations (such as a two-qubit CNOT gate) require strong interaction between
two photons, and in the absence of which ancilla photons are used, and the success of the
operation depends on the measurement conditioned on specific outcomes for each ancilla [61].
In this case, nonlinearity is introduced due to measurement of ancillary photons.
There are several phenomena associated with second- and higher-order nonlinearity, such
as parametric down conversion, second harmonic generation, Kerr effect, having applications in
various disciplines of physics and engineering. Spontaneous parametric down conversion has
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so far served as the backbone of experimental quantum optics and information processing by
providing entanglement [62, 63] and heralded single photon [64, 65] sources. As it is widely
discussed nonlinear process, we will rather give an example of another second-order nonlinear
phenomenon known as second harmonic generation [66]. As mentioned previously, the vari-
ation of a single-mode electric field can be written as E (t) ∝ [E0 exp (iωt) + c.c.] , therefore
second-order terms contribute as E (t)2 ∝ 2|E0|2 +
[
E20 exp (2iωt) + c.c.
]
, where the presence of
2ω terms gives rise to the generation of second harmonic beams in such an interaction [67]. In
Chapter 2, we will discuss a nonlinear waveguide undergoing second harmonic generation and
will exploit this nonlinearity to generate nonclassical states in a linear waveguide coupled with
it. To perform such study we will first equip ourselves with some mathematical techniques,
which will be used in the present work.
1.5 Dynamics of a quantum system
A closer look at the above discussed nonclassical features would reveal the role of nonlinear
optics in the generation of nonclassical states. To perform this study, one needs to take into
account the time evolution of the system initially prepared in a known quantum state |ψ〉 (or ρ in
case of mixed state). In this section, we will briefly describe different approaches which may be
adopted to obtain time evolution or dynamics of a quantum system under a given Hamiltonian.
1.5.1 Different approaches for obtaining the equation of motion
Dynamics of a quantum system can be studied using different approaches. Most general picture
for studying the time evolution of a quantum system is the interaction picture, which can be
reduced to two other approaches–Schrödinger and Heisenberg pictures in the limiting cases.
We will begin with the Schrödinger picture.
1.5.1.1 Equation of motion in the Schrödinger picture
The time evolution of a quantum state |ψ (t)〉 is determined by the time-dependent Schrödinger
equation,
i~
∂
∂t
|ψ (t)〉 = H|ψ (t)〉, (1.18)
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where H is the Hamiltonian of the system, and i~ ∂
∂t is the operator of energy. In general, the
Hamiltonian itself can be time-dependent and the same can be represented as H (t).
One can obtain the solution of the Schrödinger equation (1.18) as
|ψ (t)〉 = U (t) |ψ (0)〉. (1.19)
Here, U (t) is a unitary operation responsible for the evolution of the quantum state from the
initial time t = 0 to time t. In case of an isolated system (system with time independent Hamil-
tonian), the unitary evolution takes a simpler form U (t) = exp
(
− i
~
Ht
)
, whereas for the time
dependent Hamiltonian, it involves a chronological time-ordering as well,
U (t) = T← exp
(
− i
~
∫ t
0
H
(
t′
)
dt′
)
.
It is straightforward to extend the solution of the Schrödinger equation to the mixed state
and to obtain
ρ (t) = U (t) ρ (0) U† (t) , (1.20)
using which we can obtain the equation of motion for the mixed states as
∂
∂t
ρ (t) = − i
~
[
H (t) , ρ (t)
]
. (1.21)
This famous equation describing the time evolution in the Schrödinger picture is known as von
Neumann or Liouville-von Neumann equation. One can also write this using the Liouville
operator L (t) as
∂
∂t
ρ (t) = L (t) ρ (t) . (1.22)
It is imperative to discuss here some properties of the evolution operator and its role in
the quantum information processing tasks. As previously mentioned the evolution operator
is unitary in nature (i.e., U† (t) U (t) = I with I as an identity matrix). It means, unlike the
measurement operator, there exists an operation which can invert the unitary map from |ψ〉 U−−→
|φ〉 such that to obtain |φ〉 U
†
−−−→ |ψ〉. This fact allows reversibility to quantum operations (except
measurement), which has been exploited to obtain enhancement in the performance during the
computation tasks using powers of quantum superposition.
One interesting problem in the domain of unitary and non-unitary (measurement) operators
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is quantum Zeno effect, and with the recent advent of its set of applications in both theoretical
and experimental counterfactual quantum computation [68, 69] and communication [70, 71] it
deserves a brief introduction here. To understand the quantum Zeno effect, using Eq. (1.19), one
can easily obtain the probability that the state remains unchanged even after the free evolution
for time t as
P (t) = |〈ψ (0) |ψ (t)〉|2 = |〈ψ (0) |U (t) |ψ (0)〉|2
=
∣∣∣∣〈ψ (0) ∣∣∣∣(1 − i~Ht − 12~2 H2t2 + . . .)∣∣∣∣ψ (0)〉∣∣∣∣2
= 1 − 1
~2
(∆E)2 t2 + . . . ,
where we have substituted (∆E)2 =
(
〈ψ (0) |H2|ψ (0)〉 − 〈ψ (0) |H|ψ (0)〉2
)
, and the dots represent
terms in higher-orders of time. Interestingly, for the small values of time, we can easily neglect
these higher power terms and observe that a quantum system decays quadratically instead of
exponential in time. Suppose we measure the quantum state at time t, and let it evolve for
another time interval t before measuring it. Repeating this for n
(
= Tt
)
number of times, we can
calculate the probability of finding the quantum system still in the same state after time T is
Pn (T ) = [P (t)]n ≈
[
1 − 1
~2
(∆E)2
T 2
n2
]
.
In the range of n → ∞, we tend to the limits of continuous measurement, and lim
n→∞Pn
(T ) = 1.
It leads to an interesting conclusion that the decay of a quantum state can be suppressed with
the help of a continuous measurement. In the analogy of the Zeno’s paradoxes, this phenomena
was termed as Zeno’s paradox in quantum theory by Misra and Sudarshan [72], now known
as quantum Zeno effect. It was only later recognized that a continuous measurement can also
possibly enhance the decay termed as quantum anti-Zeno or inverse Zeno effect (see Refs.
[73–75] for the reviews). Both these effects will be discussed in detail in Chapter 3. For now,
we may proceed to the discussion of another picture that also leads to the time evolution of a
quantum system.
1.5.1.2 Equation of motion in the Heisenberg picture
In contrast of the Schrödinger picture, here the operators are assumed to evolve with time, and
the expectation values of these operators are calculated with respect to the initial state. Using
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this one can easily write the time dependence of an operator O as
O (t) = U† (t) O (0) U (t) . (1.23)
Therefore, average value of the operator with respect to an initial state ρ0 = |ψ (0)〉〈ψ (0) | can
be calculated to be
〈O (t)〉 = Tr [O (t) ρ0]
= 〈ψ (0) ∣∣∣U† (t) O (0) U (t)∣∣∣ψ (0)〉,
which is same as that in the Schrödinger picture. Therefore, one can write the equation of
motion describing dynamics of the quantum system in the Heisenberg picture as
d
dt
O (t) =
i
~
[H (t) ,O (t)] +
∂O (t)
∂t
. (1.24)
This is known as the Heisenberg’s equation of motion. Note that the second term in the right-
hand side vanishes when the initial operator O does not have an explicit time dependence.
It would be apt to mention here an equivalent of Heisenberg’s equation of motion (1.24)
in a transparent (dielectric) medium. In the view of a brief discussion in [15], the matter-field
interaction can also be studied without considering all degrees of freedom of the matter. Such
nonlinear interaction is usually studied either considering a cavity problem or a steady-state
propagation [15, 76]. In the present work, we have considered the latter. Without going into
much detail, one can obtain the equation of motion for the steady-state propagation by replacing
−z
c in place of t in Eq. (1.24). As this substitution will make the operators localized in space
by omitting their time dependence. Therefore, translation of the localized field operators is
governed by a localized momentum operator G (z), obtained as H(z,t)c [15, 76],
d
dz
O (z) = − i
~
[G (z) ,O (z)] . (1.25)
Importantly, the localized field operators satisfy equal space commutation relation
[
ak (z) , a
†
k′ (z)
]
= δkk′
for discrete values of the wavevector k, in analogy of equal time commutation relation discussed
in Section 1.2.
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We will now skip further discussion on this topic and get back to it in Chapters 2 and 3,
where equation of motion described in Eq. (1.25) will be used for studying the spatial evolution
of radiation in the optical waveguides.
1.5.1.3 Equation of motion in the interaction picture
So far, we have discussed the two limiting cases of a more general picture to study the time
evolution of a quantum system. To discuss the interaction picture, we will start with the general
form of Hamiltonian operator (Hˆ (t)), which can be written as a sum of a time-independent
(Hˆ0) and a time-dependent (HˆI (t)) terms known as free field and interaction terms, respectively.
Thus, we have Hˆ (t) = Hˆ0 + HˆI (t) . In what follows, we have used hat (ˆ) with all the terms of
the total Hamiltonian to avoid ambiguity amongst the interaction term of the total Hamiltonian
and the Hamiltonian written in the interaction picture. The free field term corresponds to the
energy of the system in the absence of any interaction, which is the sum of energies of all the
subsystems.
One can write the Hamiltonian in the interaction picture as HI (t) = U
†
0 (t) HI (t) U0 (t) ,
where U0 (t) is the free field evolution operator. Thus, one can use this Hamiltonian operator
in the interaction picture to write the usual von Neumann equation (1.21) as in the Schrödinger
picture
∂
∂t
ρI (t) = − i
~
[
HI (t) , ρI (t)
]
. (1.26)
Note that the interaction picture density matrix ρI (t) can be viewed as a Schrödinger picture
evolution of the density matrix, but only due to the interaction part of the Hamiltonian, i.e.,
ρI (t) = UI (t) ρ (0) U
†
I (t) . Similarly, one can calculate the average value of an arbitrary operator
as
〈O (t)〉 = Tr [OI (t) ρI (t)] ,
where the interaction picture operator is defined as OI (t) = U
†
0 (t) O (0) U0 (t) .
In what follows, we will use these basic quantum mechanical tools to describe the meth-
ods adopted in our present work and their significance over some other existing mathematical
techniques.
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1.5.2 Mathematical techniques used in the present work to study the dy-
namics of a system
To accomplish the task we have set ourselves, i.e., to analyze the nonclassical behavior of
various physical systems, we would require the time evolution of the system described by a
given Hamiltonian (or momentum operator). While working in the Schrödinger picture, we have
obtained the dynamics of the system numerically by solving the time dependent Schrödinger
equation using matrix forms of the involved states and operators (see Section 2.5.2 for detail).
Also, the Heisenberg’s equations of motion obtained in these cases give coupled differential
equations only solvable using some perturbative technique. Here, we opted to obtain the closed
form analytic expressions for time evolution (spatial evolution in case of localized operators in
the momentum operator) of all the modes involved in the interaction. For which we have used
the Sen-Mandal perturbative technique [77,78] for the systems possessing weak nonlinearity or
interaction constants.
To elaborate the Sen-Mandal perturbative technique [77, 78], we consider here an example
of the codirectional asymmetric nonlinear optical coupler [78, 79] which is described by the
following momentum operator in the interaction picture
G (z) = −~kab†1 − ~Γb21b†2 exp(i∆kz) + H.c. , (1.27)
with H.c. referring to the Hermitian conjugate. Here, we refrain from the description of the
physical process and the physics involved with the momentum operator (1.27), which will be
discussed in detail in Chapters 2 and 3. We only need to note that under the weak pump condi-
tion, Γ  k, as k and Γ are proportional to the linear (χ(1)) and nonlinear (χ(2)) susceptibilities,
respectively, and usually χ(2)/χ(1) ' 10−6.
The Heisenberg’s equations of motion for different modes of the momentum operator given
in Eq. (1.27) can be obtained as three coupled differential equations
da
dz
= −ik∗b1, db1dz = −ika − 2iΓ
∗b†1b2 exp (−i∆kz) ,
db2
dz
= −iΓb21 exp (i∆kz) . (1.28)
Note that the equation of motion used here is the one obtained for the localized operators in Eq.
(1.25). Using the Sen-Mandal approach a closed form perturbative analytic solution of (1.28) is
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obtained as [78]
a(z) = f1a(0) + f2b1(0) + f3b
†
1(0)b2(0) + f4a
†(0)b2(0),
b1(z) = g1a(0) + g2b1(0) + g3b
†
1(0)b2(0) + g4a
†(0)b2(0),
b2(z) = h1b2(0) + h2b21(0) + h3b1(0)a(0) + h4a
2(0).
(1.29)
Here, the perturbative solution is obtained restricting us up to the linear power of the nonlinear
coupling constant Γ. To derive the solution, the spatial evolution of the operator a(z) is used,
a (z) = exp (iGz/~) a (0) exp (−iGz/~) , (1.30)
which on expansion yields
a (z) = a (0) + iz
~
[G, a (0)] + (iz)
2
2!~2 [G, [G, a (0)]] +
(iz)3
3!~2 [G, [G, [G, a (0)]]] + · · · . (1.31)
All the commutators present in the right-hand side of Eq. (1.31) are computed, neglecting the
terms beyond linear power in the nonlinear coupling constant (Γ). For example,
[G, a] = ~k∗b1,
[G, [G, a]] = ~2 |k|2 a + 2~2Γ∗k∗b†1b2 exp (−i∆kz) ,
[G, [G, [G, a]]] = ~3k∗ |k|2 b1 + 2~3Γ∗k∗2a†b2 exp (i∆kz) .
(1.32)
We stop here as all the higher-order commutators (higher than [G, [G, [G, a]]]) would only have
terms proportional to a, b1, b
†
1b2, and a
†b2. Therefore, a first-order solution for the spatial
evolution of a (z) (i.e., a solution linear in Γ) will only possess terms proportional to a, b1, b
†
1b2,
and a†b2. As a consequence, the spatial evolution of a (z) can be assumed in the form shown in
Eq. (1.29). Similarly, the spatial evolution of the annihilation operators of the rest of the modes
can also be assumed.
Here, it would be apt to note that a conventional short-length solution [8] is usually obtained
from the Taylor series, a(z) = a(0) + zdadz |z=0 + z
2
2!
d2a
dz2 |z=0 + · · · , with ~ = 1. Using Eq. (1.32)
we can obtain a first-order short-length solution as a (z) = a(0) − ik∗zb1(0) − 12 |k|2 z2a(0) −
Γ∗k∗z2b†1(0)b2(0). We can easily observe that the solution does not contain any term proportional
to a†b2.
Subsequently, to obtain the analytic expressions of the coefficients fi, gi, and hi in Eq. (1.29),
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we substitute the assumed solution in Eq. (1.28) and by comparing the coefficients of all the
terms obtained in both the sides provide coupled differential equations for different coefficients
fi, gi, and hi, as follows
f˙1 = −ik∗g1, g˙1 = −ik f1, h˙1 = 0,
f˙2 = −ik∗g2, g˙2 = −ik f2, h˙2 = −iΓg22 exp (i∆kz) ,
f˙3 = −ik∗g3, g˙3 = −ik f3 − 2iΓ∗g∗2 exp (−i∆kz) , h˙3 = −2iΓg1g2 exp (i∆kz) ,
f˙4 = −ik∗g4, g˙4 = −ik f4 − 2iΓ∗g∗1 exp (−i∆kz) , h˙4 = −iΓg21 exp (i∆kz) .
(1.33)
A simultaneous solution of these differential equations, with the boundary conditions Fi (z = 0) =
δi,1, where F ∈ { f , g, h}, provides us a closed form analytic expression of all the terms as
f1 = g2 = cos |k|z,
f2 = −g1∗ = − ik∗|k| sin |k|z,
f3 = 2k
∗Γ∗
4|k|2−(∆k)2
[
G− f1 +
f2
k∗
{
∆k − 2|k|2
∆k G−
}]
,
f4 = 4k
∗2Γ∗
∆k[4|k|2−(∆k)2]G− f1 +
2k∗Γ∗
[4|k|2−(∆k)2]G+ f2,
g3 = 2Γ
∗k
[4|k|2−(∆k)2]G+ f2 −
2Γ∗(2|k|2−(∆k)2) f1
∆k[4|k|2−(∆k)2] G−,
g4 =
4Γ∗ |k|2
∆k[4|k|2−(∆k)2] f2 −
2Γ∗(2|k|2−(∆k)2)
∆k[4|k|2−(∆k)2] (G+ − 1) f2 + 2k
∗Γ∗
[4|k|2−(∆k)2]G− f1,
h1 = 1,
h2 =
ΓG∗−
2∆k − iΓ2[4|k|2−(∆k)2]
[
2|k| (G∗+ − 1) sin 2|k|z − i∆k (1 − (G∗+ − 1) cos 2|k|z)] ,
h3 =
−Γ|k|
k∗[4|k|2−(∆k)2]
[
i∆k
(
G∗+ − 1
)
sin 2|k|z + 2|k| (1 − (G∗+ − 1) cos 2|k|z)] ,
h4 = −Γ|k|2G∗−2k∗2 ∆k −
iΓ|k|2
2k∗2[4|k|2−(∆k)2]
[
2|k| (G∗+ − 1) sin 2|k|z − i∆k (1 − (G∗+ − 1) cos 2|k|z)] .
(1.34)
Here, G± =
[
1 ± exp(−i∆kz)] and C = Γ
∆k[4|k|2−∆k2] . The obtained perturbative solution is veri-
fied by checking the equal space commutation relations, i.e.,
[
a (z) , a† (z)
]
=
[
b1 (z) , b
†
1 (z)
]
=[
b2 (z) , b
†
2 (z)
]
= 1, and the rest of all the equal space commutations are zero. Independently,
the solution is checked to satisfy the constant of motion (which in this case is Na (z) + Nb1 (z) +
2Nb2 (z) = constant) as well. Further, the second-order short-length solution can be deduced
from the present solution by neglecting the terms beyond quadratic in length (z2), such as
f1 = g2 = (1 − 12 |k|2 z2), f2 = −g∗1 = −ik∗z, f3 = −g4 = −Γ∗k∗z2, g3 = −2iΓ∗z − Γ∗∆kz2,
l1 = 1, l2 = −iΓz + 12Γ∆kz2, l3 = −Γkz2, and f4 = l4 = 0.
(1.35)
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Here, it would be apt to add that the Sen-Mandal perturbative solution used here has terms
beyond quadratic in length as the solution contains terms of sine and cosine functions. Further,
it contains some additional terms (terms not present in the short-length solution), like a term
proportional to a†b2 in the expression of a (z). The presence of these terms provides some
advantages over the conventional short-length solution. Additionally, the solutions obtained
by the Sen-Mandal approach are found to match with the exact numerical solution ( [80–84]
and references therein), and it is also found to succeed in detecting various nonclassicalities
present in the physical systems which were not detected by the corresponding short-length
solution [78, 85].
Additionally, there is a solution technique for the Heisenberg’s equation of motion, claimed
to be non-perturbative in nature [86]. However, the solution obtained using this technique
fails to satisfy the equal time (or space) commutation relation, in contrast to the Sen-Mandal
peturbative technique. Therefore, we opted the Sen-Mandal technique to obtain the analytic
solution for the dynamics of the system in the present work. So far we have not considered the
effects of the surroundings on the system dynamics. Therefore, we will briefly introduce the
open quantum system formalism that will be required in the present work (especially, Chapters
4-7).
1.6 Open quantum system
We have described the unitary evolution of a quantum system in the previous section. In con-
trast, it is not always possible to neglect interaction between the system of interest and its close
vicinity. As a quantum system (as shown in Figure 1.2) cannot be isolated completely from its
environment, it is rather important to consider an enlarged system consisting of both the system
and its environment in the quantum states ρS and ρR, respectively. The composite state of the
system ρ = ρS ⊗ ρR evolves unitarily in the combined Hilbert space HS ⊗ HR. Note that the
system and the environment can evolve independently due to system Hamiltonian HˆS and the
reservoir Hamiltonian HˆR, whereas their interaction is controlled by the interaction Hamilto-
nian HˆI. The reservoir corresponds to a mathematical model of the environment with infinitely
many degrees of freedom forming a frequency continuum. Additionally, a reservoir in thermal
equilibrium is known as a bath [87].
The dynamics of the reduced system (after tracing out environment degrees of freedom)
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HˆS HˆR
ρS ρR
System
Environment
HˆI
HS ⊗HR
Figure 1.2: Dynamics of the open quantum system can be visualized as a quantum system and
its environment initially in the quantum states ρS and ρR evolving independently induced by
their respective Hamiltonians HˆS and HˆR and also interacting with each other due to interaction
Hamiltonian HˆI. The whole dynamical process can be represented in the tensor product space
HS ⊗HR.
influenced by the total Hamiltonian
Hˆ = HˆS ⊗ IR + IS ⊗ HˆR + HˆI (1.36)
cannot necessarily be represented by a unitary map. This usually non-unitary map is known
as quantum channel, and the reduced system dynamics is studied as open quantum system
formalism. This can be summarized in the Liouville equation of the system as
∂
∂t
ρS (t) = − i
~
TrR
[
Hˆ, ρ (t)
]
, (1.37)
where partial trace over the environment has been performed.
We understand that Eq. (1.37) gives a realistic picture of the dynamics of a quantum sys-
tem, but the question that arises is “whether it solves our problem?” To answer this question, we
need to consider the challenges in solving this dynamical equation. Often mathematical model-
ing of the system-reservoir dynamics may be complex thus leading to infinitely many coupled
equations of motion corresponding to numerous degrees of freedoms of the environment [87].
Therefore, we can entirely focus on the system of our interest by employing some approxima-
tions which would allow us to dedicate all our resources to obtain the dynamical behavior of
the quantum process or system under consideration [87].
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1.6.1 Dynamical maps and operator-sum representation
The reduced system dynamics described by Eq. (1.37) can also be visualized as a map Φ (t)
from the Hilbert space HS to the same space at some later time t. This set of completely
positive trace preserving (CPTP) dynamical maps for all values of time t forms a semigroup
(as only positive values of time are allowed) and satisfies Φ (t1) Φ (t2) = Φ (t1 + t2), which can
describe the complete dynamics of the system after neglecting the memory effect [87].
Before we get back to Eq. (1.37) to establish its CPTP nature, let us briefly discuss its
requirement. A linear map Φ describing the effect of a physical process on a quantum system
in a particular quantum state is expected to preserve its normalization and positivity (i.e., trace
and positivity of the density operator). Complete positivity is a stronger notion and becomes
relevant when Φ is acting only on a subsystem of correlated (entangled) system. In such cases,
the map must ensure positivity of the density operators describing the combined state [88]. An
arbitrary CPTP map is a quantum channel which is useful in quantum information processing
(discussed in Section 1.7).
The brief introduction of open quantum system in the previous section and Eq. (1.37) allow
us to write the dynamical map Φ as
Φ (ρS) = TrR
[
UI (ρS ⊗ ρR) U†I
]
, (1.38)
where UI is the evolution operator for the composite state of the quantum system and its envi-
ronment. Without loss of generality, we can assume the reservoir initial state ρR = | f0〉〈 f0| in
the pure state and an orthonormal basis {|ek〉} for the environment. This will help us to write
Φ (ρS) =
∑
k
〈ek
∣∣∣UI (ρS ⊗ | f0〉〈 f0|) U†I ∣∣∣ ek〉 = ∑
k
EkρSE
†
k . (1.39)
The second summation is known as operator-sum representation [89–91], where the Kraus
opeators, Ek = 〈ek |UI| f0〉, follow ∑
k
E†k Ek = IS to ensure the CPTP nature of the map Φ.
This operator-sum representation provides a very useful tool for the study of open quantum
system dynamics. Here, we can aptly mention that the number of non-zero elements Ek (which
cannot be more than d2 for Hilbert space of dimension d) is known as Kraus rank [88]. Also,
this technique is not restricted to a reservoir which is initially in the pure state as one can purify
this mixed state by using an ancillary system [92].
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In the next section, we will use the Kraus operators [91] obtained in the present section to
obtain the well-known quantum master equation in the Markovian regime as in Refs. [93, 94].
1.6.2 Markovian noise and quantum master equation
Let us consider that a quantum state ρS (0) evolves in a small time interval t to ρS (t) ≈ ρS (0) +
O (t) . For this dynamics, one of the Kraus operators can be assumed in the form E0 ≈ IS + O (t),
and others to be in the order of
√
t. Therefore, the Kraus operators can be expressed, in the
short-time limit, in terms of another operator Lk as Ek ≈
√
tLk ∀k , 0, and as E0 ≈ IS + tL0.
Here, L0 can be written in terms of two Hermitian matrices M =
L0+L
†
0
2 and H = −
(
L0−L†0
)
2i as
L0 = (M − iH) . The Lk ∀k , 0, can be interpreted as quantum jumps of the system taking
place with probability in the order of t. Using this mathematical form of the Kraus operators
Ek ∀k , 0 and the CPTP nature, we can obtain M = −12
∑
k≥1
L†k Lk.
Meanwhile, Eq. (1.39) can lead to ρS (t) − ρS (0) ≈ tLρS (0) , and the standard Lindblad
equation (using Eq. (1.37)) as
∂
∂t
ρS (t) = LρS = −i
[
Hˆ, ρS
]
+
∑
k≥1
{
LkρSL
†
k −
1
2
(
L†k LkρS + ρSL
†
k Lk
)}
, (1.40)
where we have assumed ~ = 1. The second term in Eq. (1.40) is usually called dissipator, and
Lks are known as Lindblad operators. Also, the superoperator L represents a generator of the
semigroup. For the contributions of Lindblad [95], and Gorini, Kossakowski, and Sudarshan
[96], the Markovian quantum master equation (1.40) is also known as LGKS equation. For
instance, Eq. (5.8) is a Markovian master equation for a single spin-qubit evolving in a squeezed
thermal bath.
While writing such Markovian master equation some approximations are involved. Specif-
ically, to omit the reservoir degrees of freedom we have to perform first approximation, i.e.,
to consider that the system and reservoir are weakly coupled. This is referred to as Born ap-
proximation, and it assumes the reservoir state ρR is negligibly affected due to interaction. This
means that the characteristic time scale over which reservoir correlation functions decay (τR) is
much smaller in comparison to that over which the system changes appreciably (τrel). This is
further simplified using Markov approximation. In which, we assume that the reduced system
density matrix depends only on the present state and not on the previous states of the system.
The obtained equation sometimes requires averaging over the fast oscillating terms known as
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rotating wave approximation which is applicable when the characteristic time of the intrinsic
time evolution of the system (τS) is much smaller than the relaxation time (τrel) of the sys-
tem. Interestingly, most of the quantum optical phenomena can be well characterized using the
Lindblad equation (1.40) as the involved approximation are well satisfied in them.
So far, we have only discussed quantum master equation in the weak system-environment
coupling case. In contrast to that, in the strong system-environment coupling, we enter into the
domain of quantum Brownian motion [87] at high temperature (as here system evolution is slow
when compared to the bath correlation time, i.e., τR  τS), while non-Markovian character
[87] comes into picture at low temperature. The master equation for the quantum Brownian
motion cannot be written in the Lindblad form as it includes one more term corresponding to
the fluctuations depending on temperature [87]. We will skip the discussion regarding quantum
Brownian motion and will return to non-Markovian noise in Section 1.6.2. Here, we may further
note that Heisenberg-Langevin equation can also be used to accomplish the same task in the
Heisenberg picture (see [11] for more discussion). This approach is not discussed here as it
is not used in the present work. In the next section, we will briefly describe the effect of the
environment on the system dynamics with the help of some specific examples.
1.6.3 Decoherence and examples of Markovian noise channels
The operator-sum representation (discussed in Section 1.6.1) of the system dynamics possess
the same form as the generalized quantum measurements. Specifically, the measurement intro-
duced in Eq. (1.1) can be generalized as an operation for ith measurement outcome as
Φi (ρ) =
∑
k
AikρA
†
ik, (1.41)
where Aik forms a set of system operators satisfying the completeness relation. From which
one can calculate the probability, normalized to unity (i.e.,
∑
i
Pr (i) = 1), for the ith outcome as
Pr (i) = Tr {Φi (ρ)} = Tr {ρPi} using the notation Pi = ∑
k
A†ikAik for the positive and complete set
of operators, known as positive-operator-valued-measure.
This analogy allows us to visualize the interaction of a quantum system with its surroundings
as a measurement performed on the system by the reservoir. Thus, after tracing over environ-
ment degrees of freedom, few states in certain basis set are preferred over others while their
superposition decay due to open system dynamics. This decay in quantum coherence is termed
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as decoherence. In the present section, we will discuss different types of Markovian channels
and obtain corresponding Kraus operators to discuss the decoherence caused due to them.
Nature of the open quantum system dynamics can be characterized by the system-reservoir
interaction Hamiltonian. The first type of dynamics involves decoherence without dissipation
of energy from the system. For example, the system is described by a harmonic oscillator and
the reservoir, as mentioned previously, is a collection of such harmonic oscillators [92]. With-
out loss of generality, we can assume the interaction Hamiltonian as HˆI = ga
†
SaS
(
bR + b
†
R
)
.
The whole system-reservoir dynamics is controlled by the unitary UI induced by this Hamil-
tonian. Note that the system Hamiltonian HˆS (number operator in case of harmonic oscillator)
commutes with the interaction Hamiltonian HˆI, thus no energy loss is anticipated due to deco-
herence. Suppose the system (reservoir) is composed of a two dimensional Hilbert space with
the basis elements |0〉 and |1〉 (|0R〉 and |1R〉), and the reservoir is initially prepared in the vac-
uum state |0〉, we are equipped to obtain the Kraus operators of the system dynamics using Eq.
(1.39) as Ek = 〈kR |UI| 0R〉. This is how we can obtain the Kraus operators of the phase damping
(PD) noise as [92]
K0 = |0〉〈0| + p|1〉〈1|, K1 =
√
1 − p2|1〉〈1|, (1.42)
where
(
1 − p2
)
is the probability of a photon getting scattered from the system. Here, p is a
function of the system-reservoir coupling. Specifically, a physically relevant condition often
encountered in the quantum communication, which may be described by this noise model, is a
photon scattering randomly while traveling through a waveguide.
An alternative representation of the PD noise can be presented using three Kraus operators
assuming finite probability of transition of the reservoir vacuum state to the first (second) exited
state if the system state is in the ground (first excited) state [93] (assuming the environment state
in a 3-dimensional Hilbert space). In Chapter 6, this representation of PD Kraus operators will
be used.
We can proceed now to another noise model which consists of energy loss, too. In the anal-
ogy of the PD noise model, we can define an interaction Hamiltonian as HˆI = g
(
a†SbR − aSb†R
)
for the system and reservoir defined by harmonic oscillators. In case of the vacuum reser-
voir, using the same strategy, one can obtain Kraus operators defining amplitude damping (AD)
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channel as [92]
K0 = |0〉〈0| + √p|1〉〈1|, K1 =
√
1 − p|0〉〈1|, (1.43)
where (1 − p) is the probability for loosing a photon by the system. Here, we would like to
bring to your attention that Hamiltonian HˆI do not commute with the system Hamiltonian
in case of the AD noise. We can visualize the difference between these two noise models
with the help of an arbitrary single-qubit state as ρ =
 a bb∗ 1 − a
 evolving under an AD
and a PD channels independently. Transformed quantum state in the AD channel is ρAD = 1 − p (1 − a)
√
pb
√
pb∗ p (1 − a)
 ; whereas the same state evolves under the PD noise to ρPD = a pbpb∗ 1 − a
 . Note that the off-diagonal terms in both these cases show environment induced
decoherence, while only the state evolved in the AD channel shows a change in populations,
i.e., in the diagonal terms.
Generally, two types of open quantum systems can be studied on the basis of system-
reservoir interaction. In all cases when the system-reservoir interaction Hamiltonian commutes
with the system Hamiltonian, i.e.,
[
HˆS, HˆI
]
= 0, we call the open quantum system quantum
non-demolition (QND). In this type of open quantum system, only dephasing is observed. In
contrast, when the Hamiltonians fail to commute then dephasing along with damping in the sys-
tem is induced and are known as dissipative open systems. Both these aspects of open system
evolution have been realized in a series of beautiful experiments [97–99]. In the following chap-
ters, we will come across a few other noise models defined by their Kraus operators, such as
generalized amplitude damping (GAD), squeezed generalized amplitude damping (SGAD). Fi-
nally, we are in a position to go beyond the Markovian approximation, which will be introduced
in the next section.
1.6.4 Non-Markovian noise and quantum master equation
Generally, reduced system dynamics obtained after tracing over the environment degrees of
freedom is non-Markovian in nature. However, in most of the cases, the Markovian approxi-
mation provides us a qualitative idea of the long-time dynamics of the system [87]. The total
Hamiltonian of the open quantum system can also be written as Hˆ = Hˆ0 + αHˆI, where Hˆ0 (HˆI)
is the uncoupled system and environment (the system-environment interaction) Hamiltonian,
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and α is a dimensionless coupling constant. For which the equation of motion in the interaction
picture, in analogy of Eqs. (1.21) and (1.22), is ∂
∂tρ (t) = −iα
[
HI (t) , ρ (t)
]
= αL (t) ρ (t) with
~ = 1 for HI (t), the interaction picture Hamiltonian.
The non-Markovian master equations, viz., Nakajima-Zwanzig equation, provide exact dy-
namics of the system [100,101], which depend on both the initial conditions at t′ and history of
the system. In other words, the equation of motion is not local in time. This manifests the non-
Markovian memory effects of the obtained equation of motion for the reduced system dynamics.
Interestingly, note that there is no restriction on the initial condition of the environment’s ini-
tial state (i.e., not even the initial factorizing condition), which is beyond the assumption of
Markovian quantum master equation.
Here, we will consider a specific example of the exact master equation of a two level system
strongly coupled to its environment beyond Born-Markov approximation. In case of the system
under consideration, as discussed previously in the present section, we can write the Hamilto-
nian as Hˆ = Hˆ0 + HˆI with Hˆ0 = ω0σ+σ− +
∑
k
ωkb
†
kbk and HˆI = σ+ ⊗
∑
k
gkbk + σ− ⊗ ∑
k
gkb
†
k .
Here, ω0 is the transition frequency of the two-level system with σ+ and σ− as the raising and
lowering operators. The reservoir is considered as a collection of the harmonic oscillators with
the creation and annihilation operators bk and b
†
k , respectively, and different values of frequency
ωk and the coupling constant with the system gk for each mode.
We can introduce three quantum states to describe the system and environment [102] as the
ground and first excited states of the system
Ψ0 = |0〉S ⊗ |0〉R,
Ψ1 = |1〉S ⊗ |0〉R,
and the first excited state of the kth mode of the environment as
Ψk = |0〉S ⊗ |k〉R.
As the total number of particles is a constant of motion, i.e.,
[
H,
(
σ+σ− +
∑
k
b†kbk
)]
= 0, any
initial state |Φ (0)〉 = c0Ψ0 + c1 (0)Ψ1 + ∑
k
ck (0)Ψk would evolve to
|Φ (t)〉 = c0Ψ0 + c1 (t)Ψ1 +
∑
k
ck (t)Ψk. (1.44)
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Assuming the vacuum reservoir, and noting that the amplitude c0 is constant, we obtained
∂
∂t
c1 (t) = −
∫ t
0
dt′K
(
t − t′) c1 (t′) .
The kernel K (t − t′) can be written in terms of the correlation function and spectral density
J (ω) of the reservoir as
K
(
t − t′) = TrR {B (t) B† (t′) ρR} exp [iω0 (t − t′)] = ∫ dωJ (ω) exp [i (ω0 − ω) (t − t′)] .
Thus, using the evolved quantum state (1.44), one can write the reduced state of the two-level
system as
ρS (t) = TrR {|Φ (t)〉〈Φ (t) |} =
 1 − |c1 (t)|2 c0c∗1 (t)c∗0c1 (t) |c1 (t)|2
 .
Here, we have used quantum information theoretic notation for basis elements as |0〉S =
 10

and |1〉S =
 01
 . One can also obtain an exact master equation by differentiating this reduced
density matrix to obtain
∂
∂t
ρS (t) = − i2S (t)
[
σ+σ−, ρS (t)
]
+ γ (t)
{
σ−ρS (t)σ+ − 12σ+σ−ρS (t) −
1
2
ρS (t)σ+σ−
}
,
where due to the presence of time dependent terms S (t) and γ (t) the dynamical semigroup
property is not always satisfied. Also the decay rate γ (t) may take negative values costing
complete positivity of the generator. Note that this solution of the exact master equation can be
written in the operator-sum representation, and the Kraus operators (same as in Eq. (1.43)) can
be obtained with a time dependent decoherence parameter, where we need to restrict ourselves
to the values of various independent parameters such that the dynamical map remains CPTP.
This point will be further discussed in Chapter 7. In our example, we have only discussed
a dissipative interaction with a vacuum reservoir. In Chapter 7, we will discuss dephasing
and depolarizing non-Markovian channels as well. Specifically, Chapters 4-5 are dedicated to
the effect of Markovian noise on the nonclassicality present in the spin systems; the effects
of Markovian noise on some schemes of quantum communication is discussed in Chapter 6;
and Chapter 7 is devoted to the study of quantum cryptographic schemes analyzed over the
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non-Markovian channels. For now, we will focus on the applications of nonclassical states in
quantum information processing tasks.
1.7 Applications of nonclassical states
We studied the basic mathematical tools for quantum mechanics that are required to understand
the dynamical behavior of a quantum system, quantum measurement theory, characterization of
quantum states not having a classical analogue, and their vulnerability to decoherence. Now, we
are in a position to discuss the advantages of nonclassical states in the information processing
tasks.
First of all, we would like to note that "information” is the amount of our ignorance before
the event, which is also the knowledge gained after the observation. The unit of information
is "bit", which corresponds to a two dimensional classical system. Processing certain input
information to obtain a useful output is studied under information processing. Analogously,
a two dimensional quantum system allows superposition of two classical bit values, known as
qubit. Use of qubits intrinsically allows us to utilize the advantage of quantum parallelism in
performing various tasks. This is why, utilizing quantum resources, information processing
tasks have been studied under a wider subject quantum information processing. It is broadly
studied in two domains, quantum communication and computation.
As introduced previously, an arbitrary physical process represented by a CPTP map can
be used as a quantum channel, which can be exploited with nonclassical states to get an en-
hancement in numerous information processing tasks. Specifically, several new applications of
nonclassical states have been reported in the recent past [103–108]. For example, applications
of squeezed states are reported in the implementation of continuous variable quantum cryp-
tography [103], teleportation of coherent states [104], gravitational wave detection [109, 110]
(as squeezed vacuum state was used at the Laser Interferometer Gravitational-Wave Observa-
tory (LIGO) [111, 112]); antibunching is shown to be useful in building single photon sources
[45, 105]; entangled states have appeared as one of the main resources of quantum information
processing as it is shown to be essential for the implementation of a set of protocols of dis-
crete [106] and continuous variable quantum cryptography [103], quantum teleportation [107],
dense coding [108]; states violating Bell’s inequality are reported to be useful for the implemen-
tation of protocols of device independent quantum key distribution [113]. As a consequence of
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these recently reported applications, generation of nonclassical states in various quantum sys-
tems emerged as one of the most important areas of interest in quantum information theory and
quantum optics. Further, nonclassical states are established to be a powerful resource for quan-
tum supremacy in computing [114–116]. In general, continuous variable nonclassical states and
atomic nonclassical states are the main ingredients of the recently growing quantum technol-
ogy [117–120].
The works reported in the present thesis can be broadly divided into three parts. The
first part, composed of Chapters 2-3, deals with the generation of different types of lower-
and higher-order nonclassical states in optical systems characterized with the help of a set of
moments-based criteria. This is followed by the characterization and quantification of non-
classicality in spin systems using different quasidistribution functions and tomograms in the
presence of dephasing and dissipative noise in the second part (Chapters 4 and 5). Thus, the
first two parts report the existence of various types of nonclassical features in optical (first part)
and spin (second part) systems, and also report the effect of noise on various physical systems
of relevance (second part). The necessity of the present study is justified in the last part of
the thesis (Chapters 6 and 7) where we report a set of applications of the nonclassical states
in quantum communication schemes. In the present thesis work, we restrict the applications
of quantum channel discussed in the previous sections for transmitting quantum information to
distant parties. A detailed discussion of quantum communication schemes will be skipped for
now (upto Chapter 6), as we are going to discuss the generation and dynamics of nonclassical
states in various physical systems in the next few chapters.
The remaining part of the thesis is organized as follows. In Chapter 2, we investigate the
nonclassical properties of the output fields propagating through (i) a codirectional and (ii) a
contradirectional asymmetric nonlinear optical couplers consisting of a linear waveguide and
a nonlinear (quadratic) waveguide operated by second harmonic generation. In contrast to the
earlier results ( [8, 79] and references therein), all the initial fields are considered weak, and a
completely quantum mechanical model is used here to describe the system. The perturbative
solutions of the Heisenberg’s equations of motion for various field modes are obtained using the
Sen-Mandal technique described in Section 1.5.2. The obtained solutions are subsequently used
to show the existence of single-mode and intermodal squeezing, single-mode and intermodal an-
tibunching, two-mode entanglement in the output of the contradirectional asymmetric nonlinear
optical coupler. Further, the existence of higher-order nonclassicality is also established in both
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the codirectional and contradirectional asymmetric nonlinear optical couplers by showing the
existence of higher-order antibunching, squeezing and entanglement. It is also shown that the
nonclassical properties of light can transfer from a nonlinear waveguide to a linear waveguide.
The obtained results have been published as two international journal articles [82, 85].
This is followed by the study of quantum Zeno and anti-Zeno effects in a symmetric nonlin-
ear optical coupler, which is composed of two nonlinear (χ(2)) waveguides that are interacting
with each other via the evanescent waves, in Chapter 3. Both waveguides operate under second
harmonic generation in this case as well. However, to study the quantum Zeno and anti-Zeno
effects one of them is considered as the system and the other one as the probe. Considering all
the fields involved as weak, a completely quantum mechanical description is provided, and the
analytic solutions of the Heisenberg’s equations of motion for all the field modes are obtained
using the Sen-Mandal perturbative technique. Photon number statistics of the second harmonic
mode of the system is shown to depend on the presence of the probe, and this dependence is
considered as quantum Zeno and anti-Zeno effects. Further, it is established that as a special
case of the momentum operator for χ(2) − χ(2) symmetric coupler we can obtain momentum op-
erator of χ(2)−χ(1) asymmetric coupler (discussed in Chapter 2) with the linear (χ(1)) waveguide
as the probe; and in such a particular case, the expressions obtained for the quantum Zeno and
anti-Zeno effects with the nonlinear probe (which we referred to as nonlinear quantum Zeno
and anti-Zeno effects) may be reduced to the corresponding expressions with the linear probe
(which we referred to as the linear quantum Zeno and anti-Zeno effects). Linear and nonlinear
quantum Zeno and anti-Zeno effects are rigorously investigated, and it is established that in the
stimulated case, we may switch between the quantum Zeno and anti-Zeno effects just by con-
trolling the phase of the second harmonic mode of the system or probe. This piece of work was
published as a journal [121] and a conference [122] papers.
In Chapter 4, we study nonclassical features in a number of spin-qubit systems including sin-
gle, two- and three-qubit states, of importance in the fields of quantum optics and information.
This is done by analyzing the behavior of the well-known Wigner, P, and Q quasiprobability
distributions for them. We also discuss the not so well-known F-function and specify its rela-
tion to the Wigner function. Here, we provide a comprehensive analysis of the quasiprobability
distributions for the spin-qubit systems under general open system effects, including both pure
dephasing as well as dissipation. Finally, the amount of nonclassicality quantified as the vol-
ume of the negative part of the Wigner function is obtained and found to decay as a signature
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of quantum to classical transition. This makes it relevant from the perspective of experimental
implementation. The work reported in this chapter has been published as Ref. [123].
In Chapter 5, tomograms for the spin-qubit systems discussed in Chapter 4 are obtained
as probability distributions, which are often used to reconstruct a quantum state from exper-
imentally measured values. We also study the evolution of tomograms for different quantum
systems, both finite and infinite dimensional. In the realistic experimental conditions, quantum
states are exposed to the ambient environments and hence subject to effects like decoherence
and dissipation, which are dealt with here, consistently, using the formalism of open quantum
systems. This is extremely relevant from the perspective of experimental implementation and
issues related to the state reconstruction in quantum computation and communication. These
considerations are also expected to affect the quasiprobability distribution obtained from the ex-
perimentally generated tomograms and nonclassicality observed from them. The work reported
in this chapter led to a publication [124].
Recently, several aspects of controlled quantum communication (e.g., bidirectional con-
trolled state teleportation (BCST), controlled deterministic secure quantum communication
(CDSQC), controlled quantum dialogue (CQD)) have been studied using n-qubit (n ≥ 3) entan-
glement. Specially, a large number of schemes for BCST are proposed using m-qubit entangle-
ment (m ∈ {5, 6, 7}). In Chapter 6, we propose a set of protocols to illustrate that it is possible
to realize all these tasks related to controlled quantum communication using only Bell states
and permutation of particles (PoP). As the generation and maintenance of a Bell state is much
easier than a multi-partite entanglement (also shown in Chapter 4), the proposed strategy has a
clear advantage over the existing proposals. Further, it is shown that all the schemes proposed
here may be viewed as applications of the concept of quantum cryptographic switch. The per-
formances of the proposed protocols subjected to the AD and PD channels are also discussed.
The work reported in this chapter has been published as [125, 126].
In Chapter 7, a three party scheme for secure quantum communication, namely CQD, is
analyzed under the influence of non-Markovian channels. By comparing with the correspond-
ing Markovian cases, it is seen that the average fidelity can be maintained for relatively longer
periods of time. Interestingly, a number of facets of quantum cryptography, such as quantum se-
cure direct communication (QSDC), deterministic secure quantum communication (DSQC) and
their controlled counterparts, quantum dialogue (QD), QKD, quantum key agreement (QKA),
can be reduced from the CQD scheme. Therefore, the CQD scheme is analyzed under the influ-
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ence of damping, dephasing and depolarizing non-Markovian channels, and subsequently, the
effect of these non-Markovian channels on the other schemes of secure quantum communica-
tion is deduced from the results obtained for CQD. The damped non-Markovian channel causes
a periodic revival in the fidelity, while fidelity is observed to be sustained under the influence of
the dephasing non-Markovian channel. This work resulted in a journal article as [127].
Finally, the thesis work is concluded in Chapter 8, where the future scope of the present
work is also discussed briefly. We would also like to mention that detailed discussion at a few
occasions is avoided to remain within the prescribed limit of the thesis. Interested readers may
refer the corresponding published versions for details.
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CHAPTER 2
Nonclassicalities in a codirectional and
contradirectional asymmetric nonlinear optical
couplers
2.1 Introduction
In Chapter 1, we have noted that several systems are already investigated and have been shown
to produce entanglement and other nonclassical states (see [80, 128] and references therein).
However, experimentally realizable simple systems that can be used to generate and manipulate
nonclassical states are still of much interest. One such experimentally realizable and relatively
simple system is the nonlinear optical coupler. The motivation for studying nonclassical prop-
erties of light propagating through an optical coupler is manyfold. To begin with, we may note
that the nonlinear optical couplers are of specific interest because they can be easily realized
using optical fibers or photonic crystals, and the amount of nonclassicality present in the output
field can be controlled by monitoring the interaction length and the coupling constant. Fur-
ther, recently Matthews et al., have experimentally demonstrated manipulation of multi-photon
entanglement in quantum circuits constructed using waveguides [129]. Quantum circuits im-
plemented by them can also be viewed as optical coupler-based quantum circuits as in their
circuits, waveguides are essentially combined to form couplers. Using similar arrangements of
optical couplers, the same group has also successfully implemented reconfigurable controlled
two-qubit operation [130] and Shor’s algorithm [131] on a photonic chip. In another interesting
application, Mandal and Midda have shown that a universal irreversible gate library (NAND
gate) can be built using nonlinear optical couplers [132]. Mandal and Midda’s work essentially
showed that, in principle, a classical computer can be built using optical couplers. Further, a
directional optical coupler is known to be one of the most important integrated guided wave
components [133]. Thus, if we can establish the possibility of generation of intermodal en-
tanglement or any other nonclassicality in a directional optical coupler, that would imply the
existence of another source of entanglement or other required nonclassical fields in a complex
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on-chip photonic circuit that can be used to perform a specific task related to quantum com-
putation or quantum communication. In addition to the fact that waveguide-based directional
couplers can be realized easily, its potential adoptability in the integrated waveguide-based pho-
tonic circuits provides it an edge over many other systems, where nonclassical characters have
already been studied. This is so because most of the atomic and optomechanical systems cannot
be used in the integrated quantum optic devices, such as in on-chip photonic circuits. Further,
it is already established by several groups that integrated waveguide-based structures are a bet-
ter source of entanglement compared to those based on bulk crystal ( [134] and references
therein). These facts motivated us to systematically investigate the possibility of observation
of nonclassicality in nonlinear optical couplers. Among different possible nonlinear optical
couplers two of the simplest systems are codirectional and contradirectional asymmetric non-
linear optical couplers which are prepared by combining a linear waveguide and a nonlinear
(quadratic) waveguide operated by second harmonic generation. Waveguides interact with each
other through evanescent waves, and we may say that transfer of nonclassical effect from the
nonlinear waveguide to the linear one happens through evanescent waves. In the present chap-
ter, we aim to study various higher-order nonclassical properties of light propagating through
the codirectional and contradirectional optical couplers with specific attention to entanglement.
It is interesting to note that several nonclassical properties of the optical couplers have been
studied in the past (see [79] for a review). For example, photon statistics, phase properties,
and squeezing in codirectional and contradirectional Kerr nonlinear couplers are studied with
fixed and varying linear coupling constants [135–139]; photon statistics of Raman and Brillouin
couplers [140] and parametric couplers [141] is studied in detail; and photon statistics and
other nonclassical properties of asymmetric [78,142–145] and symmetric [145–147] directional
nonlinear couplers are investigated for various conditions, such as strong pump [142], weak
pump [78], phase mismatching [148] for codirectional [78,146,148] and contradirectional [144,
146, 148] propagation of coherent and nonclassical [145, 147] input modes. However, almost
all the earlier studies were limited to the investigation of lower-order nonclassical effects (e.g.,
squeezing and antibunching) either under the conventional short-length approximation [144] or
under the parametric approximation, where a pump mode is assumed to be strong and treated
classically as a c-number [148]. Only a few discrete efforts have recently been made to study
higher-order nonclassical effects and entanglement in optical couplers [149–154], but even these
efforts are limited to Kerr nonlinear couplers. For example, in 2004, Leon´ski and Miranowicz
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reported entanglement in Kerr nonlinear couplers [151]; subsequently, entanglement in pumped
Kerr nonlinear optical couplers [152], entanglement sudden death [149] and thermally induced
entanglement [150] are reported in Kerr nonlinear couplers. Amplitude squared (higher-order)
squeezing is also reported in Kerr nonlinear couplers [154].
In the earlier studies on the codirectional and contradirectional asymmetric nonlinear op-
tical couplers [79, 144], intermodal entanglement and some of the higher-order nonclassical
properties studied here were not studied. In fact, in those early studies on the contradirectional
asymmetric nonlinear optical coupler, the second harmonic mode was assumed to be pumped
with a strong coherent beam. In other words, the second harmonic mode was assumed to be
classical, and thus it was beyond the scope of the previous studies to investigate single-mode
and intermodal nonclassicalities involving this mode. Interestingly, a completely quantum me-
chanical treatment adopted in this thesis is found to show intermodal squeezing in a compound
mode involving the second harmonic mode. Importantly, neither has any effort yet been made
to rigorously study the higher-order nonclassical effects in the nonlinear optical couplers in gen-
eral, nor has a serious effort been made to study entanglement in the nonlinear optical couplers
other than Kerr nonlinear couplers. Keeping these facts in mind, the present chapter aims to
study nonclassical properties associated with the codirectional and contradirectional asymmet-
ric nonlinear optical couplers (with specific attention to entanglement) using the perturbative
solution obtained by the Sen-Mandal technique (described in Section 1.5.2).
The remaining part of this chapter is organized as follows. In Section 2.2, the model mo-
mentum operator that represents the asymmetric nonlinear optical coupler is described and per-
turbative solution of the equations of motion corresponding to different field modes present in
the momentum operator of the contradirectional optical coupler are reported. The perturbative
solution of the equations of motion corresponding to different field modes present in the mo-
mentum operator of the codirectional asymmetric nonlinear optical coupler is already discussed
in Section 1.5.2 of the previous chapter. In Section 2.3, we briefly describe a set of criteria
for lower- and higher-order nonclassicality. Thereafter, in Section 2.4, the criteria described in
Section 2.3 are used to investigate the existence of different nonclassical characters (e.g., lower-
and higher-order squeezing, antibunching, and entanglement) in various field modes present
in the contradirectional asymmetric nonlinear optical coupler. In Section 2.5, we use only the
higher-order criteria to illustrate the nonclassical characters of various field modes present in the
codirectional asymmetric nonlinear optical coupler. Specifically, we have reported higher-order
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Figure 2.1: Schematic diagram of an asymmetric nonlinear optical coupler prepared by com-
bining a linear waveguide (χ(1)) with a nonlinear (χ(2)) waveguide operated by second harmonic
generation. The fields involved are described by the corresponding annihilation operators, as
shown; L is the interaction length. The contradirectional (codirectional) propagation of radia-
tion field in the linear waveguide is shown by magenta-dashed (red-smooth) arrows.
squeezing, antibunching, and entanglement. Finally, Section 2.6 is dedicated for conclusions.
2.2 The model and the solution
A schematic diagram of a codirectional and contradirectional asymmetric nonlinear optical cou-
plers is shown in Figure 2.1. From the figure, one can easily observe that a linear waveguide
is combined with a nonlinear
(
χ(2)
)
waveguide to constitute the asymmetric couplers of our in-
terest. Further, we can also observe that in the linear waveguide, field propagates in the same
(opposite) direction as that of the propagation of the fields in the nonlinear waveguide for the
codirectional (contradirectional) nonlinear optical coupler.
Electromagnetic field characterized by the bosonic field annihilation (creation) operator
a (a†) propagates through the linear waveguide. Similarly, the field operators bi (b†i ) corre-
sponds to the nonlinear medium. Specifically, b1 (k1) and b2 (k2) denote annihilation operators
(wavevectors) for the fundamental and second harmonic modes, respectively. The momentum
operator for the codirectional and contradirectional optical couplers [78, 79] is given by Eq.
(1.27), where ∆k = |2k1 − k2| represents the phase mismatch between the fundamental and sec-
ond harmonic beams. The linear (nonlinear) coupling constant, proportional to susceptibility
χ(1) (χ(2)), is denoted by the parameter k (Γ). Precisely, the coupling constant Γ is usually ex-
pressed in terms of the quadratic susceptibility χ(2) as Γ = ω
2
2χ
(2)
2k2c2
, where k2 = ω2c
√
1 + χ(1), and
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k2, c, and ω2 are the wavevector, speed of light in vacuum, and frequency of b2 mode, respec-
tively (cf. Ref. [59, p. 88]). It is reasonable to assume χ(2)  χ(1) as in a real physical system
we usually obtain χ(2)/χ(1) ' 10−6. As a consequence, in the absence of a highly strong pump
Γ  k. In fact, below we write the equations of motion for the dimensionless annihilation and
creation operators, the coupling constants present in those equations of motion should be mul-
tiplied by the quantum factor
(
~ω2
22V
)1/2
, 2 being dielectric susceptibility and V is the interaction
volume. This factor further reduces the value of the coupling constant.
Earlier this model of codirectional [78, 79] and contradirectional ( [79] and references
therein) optical couplers was investigated. Heisenberg’s equations of motion for all the field
modes are already reported in case of the codirectional optical coupler in Eq. (1.28) of this the-
sis. For the contradirectional optical coupler, we can obtain the coupled differential equations
for three different modes, using the procedure described in [79], as follows
da
dz
= ik∗b1,
db1
dz
= −ika − 2iΓ∗b†1b2 exp (−i∆kz) ,
db2
dz
= −iΓb21 exp (i∆kz) . (2.1)
Here, it would be apt to mention that for the contradirectional couplers the sign of derivative
in the Heisenberg’s equation of motion of the contra-propagating mode is changed (i.e., in
the present case dadz is replaced by −dadz as mode a is considered here as the contra-propagating
mode). The method used here to obtain (2.1) is described in Refs. [79, 144]. Further, this par-
ticular description of contradirectional coupler is valid only for the situation when the forward
propagating waves reach z = L and the counter (backward) propagating waves reach z = 0.
Thus, the coupled differential equations described by (2.1) and their solutions obtained below
are not valid for 0 < z < L [144].
Earlier these coupled differential equations (2.1) in case of the contradirectional optical
coupler were solved under the short-length approximation [79, 144]. However, the use of the
short-length solution for the investigation of the nonclassical properties of this system is not
appropriate. To be precise, here we have considered that the fields are not strong enough to be
treated classically and the coupling constant Γ is not large. In such a situation, we need long
interaction length for the effective appearance of quantum effects, but a short-length solution is
not good for describing a system having long interaction length. In fact, the asymmetric non-
linear optical coupler described by Eq. (1.27) allows long interaction length in the real physical
situation, as long interaction length can be achieved easily with the help of optical fibers. In the
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present work, we assume the interaction length of the order of hundred meters, which is many
orders higher compared to the traditional arrangements. This allows us to observe nonclassical
effects using several order lower nonlinearity. For instance, having several hundred meters of
fibers, we can have about 4 orders lower quadratic susceptibility, which just corresponds to the
value Γ ≈ 0.001 (which is used in the present work). Further, in this work, we have considered
the power of the initial beams in about tenths of microwatts (i.e., about 1012 photons/s). This
choice of initial fields is consistent with the fact that the initial fields must be very weak to
enable us to observe quantum effects. A small value of the coupling constant suggests us to use
a perturbative solution, but we need the solution to be valid for long interaction length. The re-
quirement of long interaction length explicitly shows the advantage of the Sen-Mandal approach
over the conventional short-length approximation, as the former is not restricted by L (i.e., valid
for long interaction length) whereas the later is valid only for short-length (i.e., restricted by the
value of L). Keeping these facts in mind, we have used the Sen-Mandal approach.
Using the Sen-Mandal approach and restricting ourselves up to the linear power of the non-
linear coupling constant Γ, we have obtained closed form perturbative analytic solution of (2.1)
as
a(0) = f1a(L) + f2b1(0) + f3b
†
1(0)b2(0) + f4a
†(L)b2(0),
b1(L) = g1a(L) + g2b1(0) + g3b
†
1(0)b2(0) + g4a
†(L)b2(0),
b2(L) = h1b2(0) + h2b21(0) + h3b1(0)a(L) + h4a
2(L),
(2.2)
with
f1 = g2 = sech|k|L,
f2 = −g∗1 = − ik
∗ tanh |k|L
|k| ,
f3 = Ck∗∆k f 21 {i∆k sinh 2|k|L + 2|k| (G+ − 1 − cosh 2|k|L)} ,
f4 = 2Ck∗2 f 21 {i∆k sinh |k|LG+ − 2|k| cosh |k|LG−} ,
g3 = −2C|k| f 21
{(
∆k2 + 2|k|2
)
cosh |k|LG− + i∆k|k| sinh |k|LG+
}
,
g4 = Ck∗∆k f 21 {i∆k sinh 2|k|L (G+ − 1) − 2|k| (1 − cosh 2|k|L (G+ − 1))} ,
h1 = 1,
h2 =
C∗ |k|
2 f
2
1
{
4|k|2G∗− + ∆k2
(
1 − 2 (G∗+ − 1) + cosh 2|k|L) − 2i∆k|k| sinh 2|k|L} ,
h3 = 2C∗k f 21
{
∆k|k|G∗− cosh |k|L +
[
i∆k2 − 2i|k|2G∗−
]
sinh |k|L
}
,
h4 =
C∗ |k|k
k∗ f1
{
2|k|2 f1G∗− + ∆k sinh |k|L
(
G∗+ − 1
)
[2i|k| + ∆k tanh |k|L]
}
,
(2.3)
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where C = Γ
∗
|k|∆k(∆k2+4|k|2) and G± =
(
1 ± exp(−i∆kL)). The solution (2.3) is obtained using the
initial conditions f1(L) = 1, g2(0) = 1, and h1(0) = 1, and all the remaining fi(L), g j(0), and
hi(0) are zero, where i ∈ {2, 3, 4}, and j ∈ {1, 3, 4}.
The first-order perturbative solution obtained above is verified by computing the equal space
commutation relations, which implies, in case of contradirectional coupler,
[
a (0) , a† (0)
]
=[
b1 (L) , b
†
1 (L)
]
=
[
b2 (L) , b
†
2 (L)
]
= 1, while all other equal space commutations are zero. Fur-
ther, we have verified that the solution reported here also satisfies the constant of motion. To be
precise, in Ref. [144], it was shown that the constant of motion for the present system can be
obtained as
a† (0) a (0) + b†1 (L) b1 (L) + 2b
†
2 (L) b2 (L) = a
† (L) a (L) + b†1 (0) b1 (0) + 2b
†
2 (0) b2 (0) . (2.4)
In analogy with the reducibility of the short-length solution of the codirectional optical coupler
from the corresponding Sen-Mandal perturbative solution in Section 1.5.2, here we have also
verified that the solution of the contradirectional coupler using the short-length solution method
reported in [79] can be obtained as a special case of the present solution. Specifically, to obtain
the short-length solution we need to expand the trigonometric functions present in the above
solution and neglect all the terms beyond quadratic powers of L and consider phase mismatch
∆k = 0. After doing so, we obtain
f1 = g2 = (1 − 12 |k|2 L2), f2 = −g∗1 = −ik∗L, f3 = −g4 = −Γ∗k∗L2,
g3 = −2iΓ∗L, h1 = 1, h2 = −iΓL, h3 = −ΓkL2 and f4 = h4 = 0,
(2.5)
which coincides with the short-length solution reported earlier [79, 144]. Clearly, the solution
obtained here is valid and more general than the conventional short-length solution as the solu-
tion reported here is a fully quantum solution and is valid for any length, restricting the coupling
constant only.
The model is elaborately discussed for the codirectional propagation of all radiation fields
in some of the recent publications [78, 79, 143]. Specifically, in Ref. [143], single-mode and
intermodal squeezing, antibunching, and subshot noise were studied using analytic expressions
of the spatial evolution of the field operators obtained by the short-length solution of the Heisen-
berg’s equations of motion corresponding to (1.28). Subsequently, the Sen-Mandal technique
was used in Ref. [78] to obtain the spatial evolution of the field operators corresponding to
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(1.28) and to study the single-mode and intermodal squeezing and antibunching. Interestingly,
in [78], some nonclassical characters of the codirectional asymmetric nonlinear optical coupler
were observed which were not observed in the earlier investigations [79, 143] performed using
the short-length solution. Keeping these facts in mind, we have used the solution reported in
Ref. [78] (which is also summarized in Chapter 1 while introducing the Sen-Mandal perturba-
tive technique) to study the higher-order nonclassicalities in the codirectional nonlinear optical
coupler. Before doing so, we investigate both lower- and higher-order nonclassical characters
of the fields that have propagated through the contradirectional asymmetric nonlinear optical
coupler.
2.3 Moments-based criteria of nonclassicality
A large number of nonclassicality criteria (as introduced in Section 1.3) are expressed as in-
equalities involving expectation values of the functions of annihilation and creation operators.
This implies that Eqs. (2.2) and (2.3) provide us with the sufficient mathematical framework
required to study the nonclassical properties of the contradirectional asymmetric nonlinear op-
tical coupler. Similarly, Eqs. (1.29) and (1.34) allow us to study the nonclassical behavior in
the codirectional nonlinear optical coupler.
In quantum optics and quantum information, higher-order nonclassical properties of bosons
(e.g., higher-order Hong-Mandel squeezing, antibunching, sub-Poissonian statistics, entangle-
ment) are often studied ( [53] and references therein). Until recently, studies on higher-order
nonclassicalities were predominantly restricted to theoretical investigations. However, a bunch
of exciting experimental demonstrations of higher-order nonclassicalities have been recently
reported [33–35, 155]. Specifically, the existence of higher-order nonclassicality in bipartite
multi-mode states produced in a twin-beam experiment has been recently demonstrated by Al-
levi, Olivares and Bondani [33] using a new criterion for higher-order nonclassicality introduced
by them. They also showed that detection of weak nonclassicalities is easier with their higher-
order criterion of nonclassicality as compared to the existing lower-order criteria [33]. This
observation was consistent with the earlier theoretical observation of Pathak and Garcia [156]
that established that the depth of nonclassicality witness in higher-order antibunching increases
with the order. Lately, experimental groups were even able to detect ninth-order nonclassical-
ity [155]. The possibility that higher-order nonclassicality may be more useful in identifying
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the weak nonclassicalities has considerably increased the interest of the quantum optics commu-
nity on the higher-order nonclassical characters of bosonic fields ( [81,157–159] and references
therein). In the remaining part of this section, we list a set of criteria of lower- and higher-order
nonclassicality, and in the following sections, we study the possibility of satisfying those criteria
in the codirectional and contradirectional asymmetric nonlinear optical couplers.
2.3.1 Squeezing, intermodal squeezing, and higher-order squeezing
The criterion for single-mode quadrature squeezing is already introduced in Section 1.3.2.
Therefore, we rather discuss here the criterion for quadrature squeezing in the compound mode
( jl) as [160] (
∆X jl: j,l
)2
<
1
4
or
(
∆Y jl: j,l
)2
<
1
4
, (2.6)
where j, l ∈ {a, b1, b2}, and the quadrature operators are defined as
Xab = 12√2
(
a + a† + b + b†
)
,
Yab = − i2√2
(
a − a† + b − b†
)
.
(2.7)
As discussed in the previous chapter, higher-order squeezing is usually studied using two
different approaches [38–40]. In the first approach introduced by Hillery in 1987 [38], reduction
of variance of an amplitude powered quadrature variable for a quantum state with respect to its
coherent state counterpart reflects nonclassicality. In contrast, in the second type of higher-
order squeezing introduced by Hong and Mandel in 1985 [39, 40], higher-order squeezing is
reflected through the reduction of higher-order moments of usual quadrature operators with
respect to their coherent state counterparts. In the present chapter, we have studied higher-
order squeezing using Hillery’s criterion of amplitude powered squeezing. Specifically, Hillery
introduced amplitude powered quadrature variables as
Y1,a =
ak +
(
a†
)k
2
(2.8a)
and
Y2,a = i

(
a†
)k − ak
2
 . (2.8b)
As Y1,a and Y2,a do not commute we can obtain an uncertainty relation and a condition of the
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nth-order amplitude powered squeezing as
Ai,a =
(
∆Yi,a
)2 − 1
2
∣∣∣〈[Y1,a,Y2,a]〉∣∣∣ < 0. (2.9)
For example, for k = 2, Hillery’s criterion for amplitude squared squeezing is described as
Ai,a =
(
∆Yi,a
)2 − 〈Na + 12
〉
< 0, (2.10)
where i ∈ {1, 2}.
2.3.2 Antibunching, intermodal antibunching, and higher-order antibunch-
ing
Similarly, the existence of single- and multi-mode nonclassical (sub-Poissonian) photon statis-
tics can be obtained through the following inequalities
Da = (∆Na)2 − 〈Na〉 < 0, (2.11)
and
Dab = (∆Nab)2 =
〈
a†b†ba
〉
−
〈
a†a
〉 〈
b†b
〉
< 0, (2.12)
where (2.11) provides us the condition for single-mode antibunching 1 and (2.12) provides us
the condition for intermodal antibunching.
Signatures of higher-order nonclassical photon statistics in different optical systems of inter-
est have been investigated since 1977 using criterion based on higher-order moments of number
operators (cf. Ref. [79], Chapter 10 of [8] and references therein). However, higher-order an-
tibunching was not specifically discussed, but it was demonstrated there for degenerate and
nondegenerate parametric processes in single and compound signal-idler modes, respectively,
and for Raman scattering in compound Stokes–anti-Stokes mode up to n = 5. Further, it was
shown that the value of the parameter that describes higher-order nonclassical photon statis-
tics decreases with increasing n occurring on a shorter time interval in parametric processes,
whereas different order higher-order nonclassical photon statistics occur on the same time inter-
1To be precise, this zero-shift correlation is more connected to sub-Poissonian behavior. However, it is often
referred to as antibunching [161]. A relation between them is discussed in Section 1.3.3.
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val in Raman scattering. A specific criterion for higher-order antibunching was first introduced
by Lee [162] in 1990 using higher-order moments of number operators. Initially, higher-order
antibunching was considered to be a phenomenon that appears rarely in optical systems, but in
2006, it was established that it is not really a rare phenomenon [163]. Higher-order antibunch-
ing has been reported since then in several quantum optical ( [53] and references therein) and
atomic systems [81]. However, no effort has yet been made to study higher-order antibunching
in optical couplers. Thus, the present study of higher-order antibunching in the asymmetric
nonlinear optical coupler is the first of its kind and is expected to lead to similar observations in
other types of optical couplers. Before we proceed further, we would like to note that the signa-
ture of higher-order antibunching can be observed through a bunch of equivalent but different
criteria, all of which can be interpreted as modified Lee criterion. In what follows, we will use
the following simple criterion of nth-order single-mode antibunching introduced by Pathak and
Garcia [156]:
Da(n) =
〈
a†nan
〉
−
〈
a†a
〉n
< 0. (2.13)
For n = 2, it corresponds to the usual antibunching (2.11), and n ≥ 3 refers to the higher-
order antibunching. Here, it would be apt to note that the term “higher-order antibunching” was
coined by Lee in his pioneering work [162] in 1990. In Ref. [162], Lee used Da(2) < 0 as
the condition of antibunching and supported his choice by citing a 1959 work of Mandel [50],
and Lee stated, “The correspondence between antibunching and sub-Poisson distribution has
been established by Mandel through the so-called Poisson transform. Therefore, we consider
antibunching and the sub-Poissonian distribution as equivalent.” This is how the term higher-
order antibunching originated. The same notion of higher-order antibunching was used in all
the future works on this topic [53, 81, 156, 163–166], and in the present work, we have also
followed the same convention.
2.3.3 Entanglement and higher-order entanglement
There exist several inseparability criteria ( [167] and references therein) that are expressed in
terms of expectation values of the field operators and thus suitable for the study of entanglement
dynamics within the framework of the present approach. Among these criteria, the criterion of
Duan et al. [168], which is usually referred to as Duan’s criterion, and Hillery-Zubairy criterion
I and II (HZ-I and HZ-II) [169–171] have received more attention for various reasons, such
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as computational simplicity, experimental realizability, and their recent success in detecting
entanglement in various optical, atomic, and optomechanical systems ( [80, 81] and references
therein). To begin with, we may note that the first inseparability criterion of Hillery and Zubairy,
i.e., the HZ-I criterion of inseparability, is described as
〈NaNb〉 −
∣∣∣∣〈ab†〉∣∣∣∣2 < 0, (2.14)
whereas the second criterion of Hillery and Zubairy, i.e., the HZ-II criterion, is given by
〈Na〉 〈Nb〉 − |〈ab〉|2 < 0. (2.15)
The other criterion of inseparability to be used in the present chapter is the Duan’s criterion
which is described as follows [168]:
dab =
〈
(∆uab)2
〉
+
〈
(∆vab)2
〉
− 2 < 0, (2.16)
where
uab = 1√2
{(
a + a†
)
+
(
b + b†
)}
,
vab = − i√2
{(
a − a†
)
+
(
b − b†
)}
.
(2.17)
Clearly, our analytic solution (2.2)-(2.3) enables us to investigate intermodal entanglement in
the asymmetric nonlinear optical coupler using all three inseparability criteria described above
and a set of other criteria listed in [161]. It is interesting to note that all the inseparability criteria
described above and in the rest of the chapter are special cases of the Shchukin-Vogel insepar-
bility criterion [172]. Miranowicz et al., have clearly established this point in Refs. [161, 173].
As all these inseparability criteria that are explicitly described here are only sufficient (not nec-
essary), a particular criterion may fail to identify entanglement detected by another criterion.
Keeping this fact in mind, we use all three criteria to study the intermodal entanglement in the
asymmetric nonlinear optical coupler. The criteria described above can only detect bipartite
entanglement of lowest order. As the possibility of generation of entanglement in both the codi-
rectional and contradirectional asymmetric nonlinear optical couplers has not been discussed
earlier, we have studied the spatial evolution of intermodal entanglement using these lower-
order inseparability criteria. However, to be consistent with the focus of the present chapter, we
need to investigate the possibility of observing higher-order entanglement, too. For that purpose
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we require another set of criteria for the detection of higher-order entanglement. All criteria for
the detection of multi-partite entanglement are essentially higher-order criteria [174–176] as
they reveal some higher-order correlation. Interestingly, there exist higher-order inseparability
criteria for the detection of higher-order entanglement in the bipartite case, too. Specifically,
Hillery and Zubairy introduced two criteria for intermodal higher-order entanglement [169] as
follows:
Em,nab =
〈(
a†
)m
am
(
b†
)n
bn
〉
−
∣∣∣∣〈am (b†)n〉∣∣∣∣2 < 0, (2.18)
and
E′m,nab =
〈(
a†
)m
am
〉 〈(
b†
)n
bn
〉
− |〈ambn〉|2 < 0. (2.19)
Here, m and n are nonzero positive integers, and the lowest possible values of m and n are
m = n = 1, which reduces (2.18) and (2.19) to usual HZ-I criterion (i.e., (2.14)) and HZ-II
criterion (i.e., (2.15)), respectively. Thus, these two criteria are generalized versions of well-
known lower-order criteria of Hillery and Zubairy, and we may refer to (2.18) and (2.19) as
the HZ-I criterion and HZ-II criterion, respectively, in analogy to the lowest-order cases. A
quantum state will be referred to as a (bipartite) higher-order entangled state if it is found to
satisfy (2.18) and/or (2.19) for any choice of integers m and n satisfying m + n ≥ 3. The other
type of higher-order entanglement, i.e., multi-partite entanglement can be detected in various
ways. In the present chapter, we have used a set of multi-mode inseparability criteria introduced
by Li et al. [177]. Specifically, Li et al., have shown that a three-mode quantum state is not
bi-separable in the form ab1|b2 (i.e., compound mode ab1 is entangled with mode b2) if the
following inequality holds for the three-mode system:
Em,n,lab1 |b2 =
〈(
a†
)m
am
(
b†1
)n
bn1
(
b†2
)l
bl2
〉
−
∣∣∣∣〈ambn1(b†2)l〉∣∣∣∣2 < 0, (2.20)
where m, n, and l are positive integers, and annihilation operators a, b1, and b2 correspond to
the three modes. A quantum state satisfying the above inequality is referred to as the ab1|b2
entangled state. The three-mode inseparability criterion can be written in various alternative
forms. For example, an alternative criterion for the detection of the ab1|b2 entangled state
is [177]
E
′m,n,l
ab1 |b2 =
〈(
a†
)m
am
(
b†1
)n
bn1〉〈
(
b†2
)l
bl2
〉
−
∣∣∣∣〈ambn1bl2〉∣∣∣∣2 < 0. (2.21)
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Similarly, one can define criteria for the detection of a|b1b2 and b1|ab2 entangled states and
use them to obtain the criterion for detection of fully entangled tripartite states. For example,
using (2.20) and (2.21), respectively, we can write that the three modes of our interest are
not bi-separable in any form if any one of the following two sets of inequalities is satisfied
simultaneously:
E1,1,1ab1 |b2 < 0, E
1,1,1
a|b1b2 < 0, E
1,1,1
b1 |b2a < 0, (2.22)
and/or
E
′1,1,1
ab1 |b2 < 0, E
′1,1,1
a|b1b2 < 0, E
′1,1,1
b1 |b2a < 0. (2.23)
Further, for a fully separable pure state, we always have
|〈ab1b2〉| = |〈a〉〈b1〉〈b2〉| ≤ [〈Na〉〈Nb1〉〈Nb2〉] 12 . (2.24)
Thus, a three-mode pure state that violates (2.24) (i.e., satisfies 〈Na〉〈Nb1〉〈Nb2〉 − |〈ab1b2〉|2 < 0)
and simultaneously satisfies either (2.22) or (2.23) is a fully entangled state as it is neither fully
separable nor bi-separable in any form.
2.4 Nonclassicality in the contradirectional optical coupler
The spatial evolution of different operators that are relevant for witnessing nonclassicality in
contradirectional optical coupler can be obtained using the perturbative solution (2.2)-(2.3) re-
ported here. For example, using (2.2)-(2.3), we can obtain the following closed form expres-
sions for the number operators of various field modes
Na = a†a = | f1|2a†(L)a(L) + | f2|2b†1(0)b1(0) +
[
f ∗1 f2a
†(L)b1(0) + f ∗1 f3a
†(L)b†1(0)b2(0)
+ f ∗1 f4a
†2(L)b2(0) + f ∗2 f3b
†2
1 (0)b2(0) + f
∗
2 f4b
†
1(0)a
†(L)b2(0) + H.c.
]
,
(2.25)
Nb1 = b
†
1b1 = |g1|2a†(L)a(L) + |g2|2b†1(0)b1(0) +
[
g∗1g2a
†(L)b1(0) + g∗1g3a
†(L)b†1(0)b2(0)
+ g∗1g4a
†2(L)b2(0) + g∗2g3b
†2
1 (0)b2(0) + g
∗
2g4b
†
1(0)a
†(L)b2(0) + H.c.
]
,
(2.26)
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Nb2 = b
†
2b2 = b
†
2(0)b2(0) +
[
h2b
†
2(0)b
2
1(0) + h3b
†
2(0)b1(0)a(L) + h4b
†
2(0)a
2(L) + H.c.
]
. (2.27)
It is now straightforward to compute the average values of the number of photons in different
modes with respect to a given initial state. In the present work, we consider that the initial state
is a product of three coherent states: |α〉|β〉|γ〉, where |α〉, |β〉, and |γ〉 are the eigen kets of the
annihilation operators a, b1, and b2, respectively. Thus,
a(L)|α〉|β〉|γ〉 = α|α〉|β〉|γ〉, (2.28)
and |α|2, |β|2, and |γ|2 are the number of input photons in the field modes a, b1, and b2, respec-
tively. For a spontaneous process, β = γ = 0 and α , 0, whereas for a stimulated process, the
complex amplitudes are not necessarily zero, and it seems reasonable to consider |α| > |β| > |γ| .
2.4.1 Squeezing, intermodal squeezing, and higher-order squeezing
Using (2.2)-(2.3) with (1.17) and (2.7), we obtain analytic expressions for variance in the single-
mode and compound mode quadratures as
 (∆Xa)2(∆Ya)2
 = 14 [1 ± {( f1 f4 + f2 f3) γ + c.c.}] ,
(
∆Xb1
)2(
∆Yb1
)2
 = 14 [1 ± {(g1g4 + g2g3) γ + c.c.}] ,
(
∆Xb2
)2(
∆Yb2
)2
 = 14 ,
(2.29)
and 
(
∆Xab1
)2(
∆Yab1
)2
 = 14 [1 ± 12 {(( f1 + g1) ( f4 + g4) + ( f2 + g2) ( f3 + g3)) γ + c.c.}] ,
(
∆Xab2
)2(
∆Yab2
)2
 = 14 [1 ± 12 {( f1 f4 + f2 f3) γ + c.c.}] = 12
 (∆Xa)2(∆Ya)2
 + 18 ,
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
(
∆Xb1b2
)2(
∆Yb1b2
)2
 = 14 [1 ± 12 {(g1g4 + g2g3) γ + c.c.}] = 12

(
∆Xb1
)2(
∆Yb1
)2
 + 18 , (2.30)
respectively. From Eq. (2.29), it is clear that no squeezing is observed in b2 mode. However,
squeezing is possible in a and b1 modes as illustrated in Figures 2.2 (a)-(b) and (d)-(e). Further,
we observed intermodal squeezing in quadratures Xab1 and Yab1 by plotting the right-hand sides
of Eq. (2.30) in Figures 2.2 (c) and (f). Variation of the amount of squeezing in different modes
with the phase mismatch ∆k and the nonlinear coupling constant Γ is shown in Figures 2.2 (a)-
(c) and Figures 2.2 (d)-(f), respectively. We have also studied the effect of the linear coupling
constant k on the amount of squeezing, but its effect is negligible in all other quadratures except
the quadratures of compound mode ab1. In the compound mode ab1, after a short distance the
depth of witness of squeezing is observed to increase with the decrease in the linear coupling
constant k (this is not illustrated through figure). Intermodal squeezing in the compound mode
quadratures Yab2 and Xb1b2 can be visualized from the last two rows of Eq. (2.30). Specifically,
we can see that the variance in the compound mode quadrature X jb2 and Y jb2 have bijective
(both one-to-one and onto) correspondence with the variance in X j and Y j, respectively, where
j ∈ {a, b1} . To be precise, quadrature squeezing in the single-mode X j (Y j) implies quadrature
squeezing in X j,b2 (Y j,b2) and vice versa. For example,
(
∆X jb2
)2
< 14 ⇒ 12
(
∆X j
)2
+ 18 <
1
4 or(
∆X j
)2
< 2
(
1
4 − 18
)
= 14 . This is why we have not explicitly shown the variance of the compound
mode quadratures X j,b2 and Y j,b2 with different parameters as we have done for the other cases.
As we have shown squeezing in quadratures Ya, Xb1 , and Yb1 through Figures 2.2 (a)-(b), and (d)-
(e), this implies the existence of squeezing in quadratures Yab2 , Xb1b2 , and Yb1b2 . Thus, we have
observed intermodal squeezing in the compound modes involving b2. This nonclassical feature
was not observed in the earlier studies [79] as in those studies b2 mode was considered classical.
The plots do not show quadrature squeezing in Xa, Xab2 , and Xab1 (for some specific values of
Γ). However, a suitable choice of phase of the input coherent state would lead to squeezing in
these quadratures. For example, if we replace γ by −γ (i.e., if we choose γ = exp(ipi) instead
of the present choice of γ = 1) then we would observe squeezing in all these quadratures, but
the squeezing that is observed now with the original choice of γ would vanish. This is so as all
the expressions of variance of the quadrature variables that are , 14 have a common functional
form: 14 ± γF( fi, gi) (cf. Eqs. (2.29) and (2.30)).
After establishing the existence of squeezing in the single and compound modes, we now
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Figure 2.2: Existence of quadrature squeezing in modes a and b1 for the contradirectional
setting, and intermodal squeezing in mode ab1 is illustrated with k = 0.1, α = 5, β = 2, γ = 1
for different values of phase mismatching ∆k and nonlinear coupling constant Γ. In (a)-(c),
squeezing and intermodal squeezing is plotted with rescaled interaction length ΓL with Γ =
0.001 for ∆k = 10−1 (thin blue lines) and ∆k = 10−2 (thick red lines). In (d)-(f), squeezing and
intermodal squeezing is plotted with interaction length L with ∆k = 10−4 for Γ = 0.001 (thin
blue lines) and Γ = 0.01 (thick red lines). In all the sub-figures, a solid (dashed) line represents
Xi (Yi), where i ∈ {a, b1}, or Xab1 (Yab1) quadrature. The parts of the plots that depict values of
variance <14 in (a) and (d) show squeezing in quadrature variable Ya, that in (b) and (c) show
squeezing in quadrature variable Xb1 , Yb1 and intermodal squeezing in quadrature variable Xab1 ,
Yab1 , respectively. Similarly, (e) and (f) show squeezing and intermodal squeezing in quadrature
variables Xb1 and Xab1 , respectively. Squeezing in the other quadrature variables (say Xa) can be
obtained by a suitable choice of phase of the input coherent states.
examine the possibility of higher-order squeezing using Eqs. (2.2)-(2.3), (2.25)-(2.27), and
(2.10). In fact, we obtain
 A1,aA2,a
 = ±n24 [γ ( f1 f4 + f2 f3) ( f1α + f2β)2n−2 + c.c.] , (2.31)
 A1,b1A2,b1
 = ±n24 [γ (g1g4 + g2g3) (g1α + g2β)2n−2 + c.c.] , (2.32)
and  A1,b2A2,b2
 = 0. (2.33)
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Figure 2.3: Amplitude powered squeezing is observed in (a) counter propagating a mode and
(b) b1 mode for k = 0.1, Γ = 0.001, ∆k = 10−4, α = 3, β = 2, γ = 1. The negative parts of
the solid line represent amplitude powered squeezing in quadrature variable Y1,a (Y1,b1) and that
in the dashed line represents squeezing in quadrature variable Y2,a (Y2,b1) for n = 2 (thin blue
lines) and n = 3 (thick red lines). To display the plots in the same scale Ai,a and Ai,b1 for n = 2
are multiplied by 10, where i ∈ {1, 2}.
Thus, we do not get any signature of amplitude powered squeezing in b2 mode using the present
solution. In contrast, mode a (b1) is found to show amplitude powered squeezing in one of the
quadrature variables for any value of interaction length as both A1,a and A2,a (A1,b1 and A2,b1)
cannot be positive simultaneously. To study the possibilities of amplitude powered squeezing in
further detail, we have plotted the spatial variation of Ai,a and Ai,b1 in Figure 2.3. The negative
regions of these two plots clearly illustrate the existence of amplitude powered squeezing in
both a and b1 modes for n = 2 and n = 3. Extending our observations in context of the single-
mode and intermodal squeezing, we can state that the appearance of the amplitude powered
squeezing in a particular quadrature can be controlled by a suitable choice of phase of the input
coherent state γ as the expressions for the amplitude powered squeezing reported in Eqs. (2.31)
and (2.32) have a common functional form ±γF( fi, gi).
2.4.2 Lower- and higher-order antibunching
The condition of higher-order antibunching is already provided through the inequality (2.13).
Using this inequality along with Eqs. (2.2)-(2.3) and (2.25)-(2.27), we can obtain closed form
analytic expressions for Di(n) for various modes as follows
Da(n) = nC2γ| ( f1α + f2β) |2n−4
{
( f1α + f2β)2
(
f ∗2 f
∗
3 + f
∗
1 f
∗
4
)
+ c.c.
}
, (2.34)
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Db1(n) =
nC2γ| (g1α + g2β) |2n−4
{
(g1α + g2β)2
(
g∗2g
∗
3 + g
∗
1g
∗
4
)
+ c.c.
}
, (2.35)
and
Db2(n) = 0. (2.36)
Further, using the condition of intermodal antibunching described in (2.12) and Eqs. (2.2)-(2.3),
we obtain the following closed form expressions of Di j
Dab1 =
{(
|g1|2 f ∗1 f4 + f ∗1 f3g∗1g2
)
α∗2γ +
(
|g2|2 f ∗2 f3 + f ∗2 f4g∗2g1
)
β∗2γ
+
(
|g1|2 − |g2|2
) (
f ∗2 f4 − f ∗1 f3
)
αβγ∗ + c.c.
}
,
(2.37)
Dab2 = 0, (2.38)
and
Db1b2 = 0. (2.39)
From the above expressions, it is clear that neither the single-mode antibunching nor the inter-
modal antibunching is obtained involving b2 mode. As the expressions obtained in the right-
hand sides of Eqs. (2.34), (2.35), and (2.37) are not simple, we plot them to investigate the
existence of single-mode and compound mode antibunching. The plots for usual antibunching
(obtained as n = 2 in Eqs. (2.34) and (2.35)) and intermodal antibunching are shown in Figure
2.4. Existence of antibunching is obtained in single-mode a for γ = 1, and the same is illus-
trated through Figure 2.4 (a). However, in an effort to obtain antibunching in b1 mode, we do
not observe any antibunching in b1 mode for γ = 1. Interestingly, from (2.35) it is clear that if
we replace γ = 1 by γ = exp(ipi) = −1 as before, and keep α and β unchanged, then we would
observe antibunching for all values of the rescaled interaction length ΓL. This is true in general
for all values of γ. To be precise, if we observe antibunching (bunching) in a mode for γ = c
we will always observe bunching (antibunching) for γ = −c, if we keep α and β unchanged.
This fact is illustrated through Figure 2.4 (b), where we plot the variation of Db1 with ΓL and
have observed the existence of antibunching. In compound mode ab1, we can observe existence
of antibunching for both γ = 1 and γ = −1. However, in Figure 2.4 (c) we have illustrated
the existence of intermodal antibunching in compound mode ab1 by plotting the variation of
Dab1 with rescaled interaction length ΓL for γ = −1 as the region of nonclassicality is relatively
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Figure 2.4: Variation of Di and Di j with rescaled interaction length ΓL for α = 3 (smooth line)
and α = 5 (dashed line) in (a) single-mode a, (b) single-mode b1, and (c) compound mode ab1
in case of the contradirectional optical coupler with k = 0.1, Γ = 0.001, ∆k = 10−4, β = 2, and
γ = 1 for (a) and γ = −1 for (b)-(c). The negative parts of the plots illustrate the existence of
nonclassical photon statistics (antibunching).
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Figure 2.5: Variation of Di(n) with rescaled interaction length ΓL for k = 0.1, Γ = 0.001, ∆k =
10−4, α = 5, β = 2 in (a) contradirectional mode a with γ = 1 and (b) mode b1 with γ = −1 for
n = 3 (smooth lines), n = 4 (dashed lines), and n = 5 (dot-dashed lines). To display the plots
in the same scale Di(3) and Di(4) are multiplied by 400 and 20, respectively, where i ∈ {a, b1}.
The negative parts of the plots show higher-order antibunching.
larger (compared to the case where γ = 1, and α and β are same) in this case.
We may now extend the discussion to higher-order antibunching and plot the right-hand
sides of (2.34) and (2.35) for various values of n. The plots are shown in Figure 2.5, which
clearly illustrate the existence of higher-order antibunching and also demonstrate that the depth
of the witness of nonclassicality increases with n. This is consistent with the earlier observations
on higher-order antibunching in other systems [156].
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2.4.3 Lower- and higher-order intermodal entanglement
We first examine the existence of intermodal entanglement in the compound mode ab1 using
HZ-I criterion (2.14) with Eqs. (2.2)-(2.3) and (2.25)-(2.27), and obtain
E1,1ab1 = 〈NaNb1〉 − |〈ab†1〉|2
=
(
|g1|2 f ∗4 f1 + f ∗3 f1g∗2g1
)
α2γ∗ +
(
| f1|2g∗1g4 + f ∗1 f2g∗1g3
)
α∗2γ
+
(
|g2|2 f ∗3 f2 + f ∗4 f2g∗1g2
)
β2γ∗ +
(
| f2|2g∗2g3 + f ∗2 f1g∗2g4
)
β∗2γ
+
(
|g1|2 − |g2|2
) {(
f ∗4 f2 − f ∗3 f1
)
αβγ∗ −
(
g∗2g4 − g∗1g3
)
α∗β∗γ
}
.
(2.40)
Similarly, using HZ-II criterion (2.15) we obtain
E′1,1ab1 = 〈Na〉〈Nb1〉 − |〈ab1〉|2
= −
[(
|g1|2 f ∗4 f1 + f ∗3 f1g∗2g1
)
α2γ∗ +
(
| f1|2g∗1g4 + f ∗1 f2g∗1g3
)
α∗2γ
+
(
|g2|2 f ∗3 f2 + f ∗4 f2g∗1g2
)
β2γ∗ +
(
| f2|2g∗2g3 + f ∗2 f1g∗2g4
)
β∗2γ
+
(
|g1|2 − |g2|2
) {(
f ∗4 f2 − f ∗3 f1
)
αβγ∗ −
(
g∗2g4 − g∗1g3
)
α∗β∗γ
}]
.
(2.41)
It is easy to observe that Eqs. (2.40) and (2.41) provide us the following simple relation that
is valid for the present case: E1,1ab1 = −E′1,1ab1 , which implies that for any particular choice of the
rescaled interaction length ΓL either HZ-I criterion or HZ-II criterion would show the existence
of entanglement in the contradirectional asymmetric nonlinear optical coupler as both of them
cannot be simultaneously positive. Thus, the compound mode ab1 is always entangled. The
same is explicitly illustrated through Figure 2.6. Similar investigations using HZ-I and HZ-II
criteria in the other two compound modes (i.e., ab2 and b1b2) failed to show any signature of
entanglement in these cases. Further, signature of intermodal entanglement was not witnessed
using Duan’s criterion as using the present solution and (2.16), we obtain
dab1 = dab2 = db1b2 = 0. (2.42)
However, it does not ensure separability of these modes as HZ-I, HZ-II, and Duan’s insepara-
bility criteria are only sufficient and not necessary.
We may now study the possibilities of existence of higher-order entanglement using Eqs.
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Figure 2.6: Hillery-Zubairy criterion I (solid line) and criterion II (dashed line) for entangle-
ment are showing the presence of intermodal entanglement between modes a and b1 in case
of the contradirectional propagation of a mode. Here E1,1ab1 (solid line) and E
′1,1
ab1
(dashed line)
are plotted with rescaled interaction length ΓL for mode ab1 with k = 0.1, Γ = 0.001, ∆k =
10−4, β = 2, γ = 1 for α = 3 (thin blue lines) and α = 5 (thick red lines).
(2.18)-(2.24). To begin with, we use (2.2)-(2.3) and (2.18) to yield
Em,nab1 = 〈a†mamb†n1 bn1〉 − |〈amb†n1 〉|2
= mn |( f1α + f2β)|2m−2 |(g1α + g2β)|2n−2 E1,1ab1 .
(2.43)
Similarly, using (2.2)-(2.3) and (2.19), we can produce an analytic expression for E′m,nab1 and
observe that
E′m,nab1 = −Em,nab1 . (2.44)
From relation (2.44), it is clear that the higher-order entanglement between a and b1 modes
would always exist for any choice of ΓL, m, and n. This is so because Em,nab1 and E
′m,n
ab1
cannot
be simultaneously positive. Using (2.43) and (2.44), it is a straightforward exercise to obtain
the analytic expressions of Em,nab1 and E
′m,n
ab1
for specific values of m and n. Such analytic expres-
sions are not reported here as the existence of higher-order entanglement is clearly observed
through (2.44). However, in Figure 2.7, we have illustrated the variation of E2,1ab1 and E
′2,1
ab1
with
the rescaled interaction length ΓL. The negative parts of the plot shown in Figure 2.7 illustrate
the existence of higher-order intermodal entanglement in the compound mode ab1. As expected
from (2.44), we observe that for any value of ΓL the compound mode ab1 is higher-order en-
tangled. Further, it is observed that Hillery-Zubairy’s higher-order entanglement criteria (2.18)-
(2.19) fail to detect any signature of higher-order entanglement in the compound modes ab2 and
b1b2.
One can also investigate higher-order entanglement using criterion of multi-partite (multi-
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Figure 2.7: Higher-order entanglement is observed using Hillery-Zubairy criteria for the con-
tradirectional nonlinear optical coupler. Solid lines show spatial variation of E2,1ab1 and dashed
lines show spatial variation of E′2,1ab1 with k = 0.1, Γ = 0.001, ∆k = 10
−4, β = 2, γ = 1 for α = 3
(thin blue lines) and α = 5 (thick red lines). It is observed that the depth of nonclassicality
witness increases with increase in α.
mode) entanglement as all the multi-mode entangled states are essentially higher-order entan-
gled. Here, we have only three modes in the coupler, and thus, we can study higher-order
entanglement by investigating the existence of three-mode entanglement. A three-mode pure
state that violates (2.24) (i.e., satisfies 〈Na〉〈Nb1〉〈Nb2〉 − |〈ab1b2〉|2 < 0) and simultaneously sat-
isfies either (2.22) or (2.23) is a fully entangled state. Using (2.2)-(2.3) and (2.20)-(2.24), we
obtain the following set of interesting relations for m = n = l = 1:
E1,1,1a|b1b2 = −E′1,1,1a|b1b2 = E1,1,1ab2 |b1 = −E′1,1,1ab2 |b1 = |γ|2E1,1ab1 , (2.45)
E1,1,1ab1 |b2 = E
′1,1,1
ab1 |b2 = 0, (2.46)
and
〈Na〉〈Nb1〉〈Nb2〉 − |〈ab1b2〉|2 = −|γ|2E1,1ab1 . (2.47)
From (2.45), it is easy to observe that three modes of the coupler are not bi-separable in the
form a|b1b2 and ab2|b1 for any choice of the rescaled interaction length ΓL > 0. Further, Eq.
(2.47) shows that the three modes of the coupler are not fully separable for E1,1ab1 > 0 (cf. positive
regions of the plot of E1,1ab1 shown in Figure 2.6). However, Eq. (2.46) illustrates that the present
solution does not show entanglement between coupled mode ab1 and single-mode b2. Thus, the
three modes present here are not found to be fully entangled. Specifically, three-mode (higher-
order) entanglement is observed here, but signature of fully entangled three-mode state is not
observed. Further, we have observed that in all the figures, depth of nonclassicality witness
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increases with α.
So far, various lower- and higher-order nonclassical phenomena have been observed in the
contradirectional asymmetric nonlinear optical coupler. Now we will discuss the nonclassical
behavior of the codirectional optical coupler.
2.5 Nonclassicality in the codirectional optical coupler
In this section, we aim to investigate the possibilities of generating nonclassical states in the
codirectional optical coupler. To do so, we would require the analytic expressions for the spa-
tial evolution of the field operators involved in describing a codirectional optical coupler. Here,
these expressions will be obtained from the rigorous results reported for the contradirectional
nonlinear optical coupler. The results reported here are actually obtained rigorously and re-
ported in [82], but to avoid repetition, here we exploit the symmetry of the codirectional and
contradirectional optical couplers to provide the spatial evolution of the operators. Analogous
to the contradirectional optical coupler discussed previously, using the perturbative solution
(1.29) and (1.34), we can obtain the spatial evolution of various operators that are relevant for
the detection of nonclassical characters in case of the codirectional coupler. For example, we
may use (1.29) and (1.34) to obtain the number operators for various field modes as in Eqs.
(2.25)-(2.27), which will possess the same form with the only change in the initial value of the
operators. Specifically, the number operator in the codirectional optical coupler can be obtained
by replacing the initial value of the contra-propagating mode a(L) by a(0). Further, the obtained
solution in case of the codirectional optical coupler would be valid for all the values of z, thus
we have replaced L by z in all the results obtained for the contradirectional coupler to give
corresponding expressions for the codirectional coupler. For instance, the number operator for
mode a can be obtained as
Na = a†a = | f1|2a†(0)a(0) + | f2|2b†1(0)b1(0) +
[
f ∗1 f2a
†(0)b1(0) + f ∗1 f3a
†(0)b†1(0)b2(0)
+ f ∗1 f4a
†2(0)b2(0) + f ∗2 f3b
†2
1 (0)b2(0) + f
∗
2 f4b
†
1(0)a
†(0)b2(0) + H.c.
]
.
(2.48)
Similarly, all other quantities calculated for the contradirectional nonlinear optical coupler can
be obtained for the codirectional optical coupler.
Due to change in the initial value, the average value of the number of photons in the modes
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Figure 2.8: Amplitude squared squeezing is observed in modes (a) a and (b) b1 while codirec-
tional propagation for the initial state |α〉|β〉|γ〉 with k = 0.1, Γ = 0.001, ∆k = 10−4, α = 5, β =
2, and γ = 1. The negative parts of the solid line represent squeezing in the quadrature variable
Y1,a (Y1,b1) and that of the dashed line represent squeezing in the quadrature variable Y2,a (Y2,b1).
a, b1, and b2 may now be calculated with respect to a given initial state, i.e.,
a(0)|α〉|β〉|γ〉 = α|α〉|β〉|γ〉, (2.49)
where the rest is same as in Eqs. (2.25)-(2.27). In what follows, in all the figures (except
Figure 2.9) that illustrate the existence of nonclassical character in the codirectional asymmetric
nonlinear optical coupler, we have chosen α = 5, β = 2, and γ = 1. It is important to note that
all the quantities obtained in Eqs. (2.29)-(2.47) for the contradirectional optical coupler possess
the same functional form as that of the codirectional coupler. However, due to different values
of functional coefficients Fis, in Eqs. (1.34) and (2.3), we expect the nonclassical characters to
behave independently in both cases, and thus will be discussed in what follows.
2.5.1 Higher-order squeezing
To analyze the higher-order squeezing in the codirectional optical coupler, we use Eq. (1.34)
in Eqs. (2.31)-(2.33). Clearly, we do not obtain any signature of amplitude powered squeezing
in b2 mode using the present solution, and mode a (b1) should always show amplitude powered
squeezing in one of the quadrature variables as both A1,a and A2,a (A1,b1 and A2,b1) cannot be
positive simultaneously. To investigate the possibility of amplitude powered squeezing in fur-
ther detail in modes a and b1, we have plotted the spatial variation of Ai,a and Ai,b1 in Figure
2.8. The negative regions of these two plots clearly illustrate the existence of amplitude squared
squeezing in both a and b1 modes.
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Figure 2.9: Higher-order antibunching with the rescaled interaction length Γz in mode (a) a
and (b) b1 in the codirectional coupler for n = 3 (smooth line) and n = 4 (dashed line), and the
square and circle denote the corresponding numerical results with the initial state |α〉|β〉|γ〉, and
k = 0.1, Γ = 0.001, ∆k = 10−4, α = 0.5, β = 0.2, and γ = 0.1
2.5.2 Higher-order antibunching
We have already described the condition of higher-order antibunching as (2.13). Now using Eq.
(1.34) in Eq. (2.13), we can obtain closed form analytic expressions for Di(n) for various modes
as Eqs. (2.34)-(2.36).
Clearly, the perturbative solution used here cannot detect any signature of higher-order an-
tibunching for the b2 mode. However, in the other two modes, we observe higher-order anti-
bunching for different values of n as illustrated in Figure 2.9. In Figure 2.9, we have plotted
the right-hand sides of Eqs. (2.34) and (2.35) along with the exact numerical results obtained
by integrating the z-dependent Schrödinger equation corresponding to the given momentum
operator (1.27) by using the matrix form of the operators. A close resemblance of the exact
numerical result with the perturbative result even for the higher-order case clearly validates the
perturbative solution used here.
2.5.3 Lower- and higher-order intermodal entanglement
To apply the HZ-I criterion to investigate the existence of intermodal entanglement between
modes a and b1, i.e., compound mode ab1 for the codirectional optical coupler, we use Eq.
(1.34) in Eq. (2.40). Similarly, to study the HZ-II criterion for the compound mode ab1 we use
the expression reported in Eq. (1.34) in Eq. (2.41).
From Eqs. (2.40) and (2.41), we can easily observe that in the present case as well, E1,1ab1 =
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Figure 2.10: Hillery-Zubairy criterion I (solid line) and criterion II (dashed line) for entangle-
ment are showing intermodal entanglement between modes a and b1 in the codirectional optical
coupler. Here, E1,1ab1 (solid line) and E
′1,1
ab1
(dashed line) are plotted with rescaled interaction
length Γz for mode ab1 with the initial state |α〉|β〉|γ〉 and k = 0.1, Γ = 0.001, ∆k = 10−4, α =
5, β = 2, and γ = 1.
−E′1,1ab1 , which implies that at any point inside the coupler either the HZ-I criterion or the HZ-II
criterion would show the existence of entanglement as both of them cannot be simultaneously
positive. Thus, the compound mode ab1 is always entangled inside the codirectional asymmetric
nonlinear optical coupler. The same is explicitly illustrated through Figure 2.10. Following
the same approach, we investigated the existence of entanglement in other compound modes
(e.g., ab2 and b1b2), but both the HZ-I and HZ-II criteria failed to detect any entanglement in
these cases for the codirectional coupler, too. However, it does not indicate that the modes are
separable as both the HZ-I and HZ-II inseparability criteria are only sufficient and not essential.
Further, the perturbative analytic solution used here is an approximate solution, and in the recent
past, there are several examples where the existence of entanglement not detected by HZ criteria
is detected by Duan’s criterion or vice versa [80, 81]. Keeping these facts in mind, we studied
the possibilities of observing intermodal entanglement using Duan’s criterion, too, but it failed
to detect any entanglement in the codirectional coupler.
We may now investigate the existence of higher-order entanglement in the codirectional op-
tical coupler using Eqs. (2.18)-(2.24). Similar to the contradirectional coupler, E′m,nab1 = −Em,nab1
clearly shows that higher-order entanglement between a and b1 modes would always be ob-
served for any choice of m and n as Em,nab1 and E
′m,n
ab1
cannot be simultaneously positive. In Figure
2.11, we have illustrated the spatial evolution of E2,1ab1 and E
′2,1
ab1
. The negative regions of this fig-
ure clearly show the existence of higher-order intermodal entanglement in the compound mode
ab1. As expected from (2.44), we observe that for any value of Γz the compound mode ab1 is
higher-order entangled. However, for the remaining two compound modes, the same result as
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Figure 2.11: Higher-order entanglement in the codirectional nonlinear optical coupler is ob-
served using the Hillery-Zubairy criteria. The solid line shows the spatial variation of E2,1ab1 ,
and the dashed line illustrates the spatial variation of E′2,1ab1 with the initial state |α〉|β〉|γ〉 and
k = 0.1, Γ = 0.001, ∆k = 10−4, α = 5, β = 2, and γ = 1.
that for the contradirectional coupler can be inferred due to similar form of expressions. Specif-
ically, the obtained results could not show any signature of higher-order entanglement in the
compound modes ab2 and b1b2. This is not surprising as the Hillery-Zubairy’s criteria are only
sufficient, not necessary, and we have already seen that these criteria fail to detect lower-order
entanglement present in the compound modes ab2 and b1b2.
We can further extend our discussion to multi-partite entanglement. From (2.45), we can
see that three modes of the coupler are not bi-separable in the form a|b1b2 and ab2|b1 for any
value of Γz > 0. Further, Eq. (2.47) and the positive regions of E1,1ab1 shown in Figure 2.10 show
that the three modes of the coupler are not fully separable. However, the present solution does
not show signature of a fully entangled three-mode state as (2.46) does not show entanglement
between the coupled mode ab1 and mode b2. To be specific, we observed three-mode (higher-
order) entanglement, but could not observe signature of a fully entangled three-mode state.
However, here we cannot conclude whether the three modes of the coupler are fully entangled
or not as the criteria used here are only sufficient.
We have already observed different signatures of nonclassicality in the codirectional and
contradirectional asymmetric nonlinear optical couplers of our interest. If we now closely look
into all the analytic expressions of the signatures of nonclassicality provided here through Eqs.
(2.29)-(2.47) we can find an interesting symmetry: All the non-vanishing expressions of signa-
tures of nonclassicality are proportional to |γ|. Thus, we may conclude that within the domain
of the validity of the present solution, in the spontaneous process, we would not observe any
of the nonclassical characters that are observed in the stimulated case for the codirectional and
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S.No. Nonclassical
phenomenon
Modes Short-length
approximation
[144, 148]
Present work
1. Squeezing b2 Not investigated Not observed
2. Intermodal
squeezing
b1b2, ab2 Not observed Observed
3. Amplitude powered
squeezing
a, b1 Not investigated Observed
4. Amplitude powered
squeezing
b2 Not investigated Not observed
5. Lower- and
higher-order
intermodal
entanglement
ab1 Not investigated Observed
6. Lower- and
higher-order
intermodal
entanglement
b1b2, ab2 Not investigated Not observed
7. Three-mode
(higher-order)
bi-separable
entanglement
a|b1b2, ab2|b1 Not investigated Observed
8. Three-mode
(higher-order)
bi-separable
entanglement
a|b1b2 Not investigated Not observed
Table 2.1: Nonclassical properties that were observed in the present study but not in the earlier
studies on the contradirectional asymmetric nonlinear optical coupler.
contradirectional nonlinear optical couplers.
2.6 Conclusions
In the present study, we report lower- and higher-order nonclassicalities in a contradirectional
asymmetric nonlinear optical coupler using a set of criteria of entanglement, single-mode squeez-
ing, intermodal squeezing, antibunching, intermodal antibunching, etc. Further, possibility of
generation of higher-order nonclassical states in the codirectional asymmetric nonlinear opti-
cal coupler is also investigated. In brief, we have observed higher-order (amplitude powered)
squeezing, higher-order antibunching and lower- and higher-order entanglement in case of the
codirectional nonlinear optical coupler. None of these higher-order nonclassical phenomena
were reported in the earlier studies on the codirectional asymmetric nonlinear optical coupler
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( [78] and references therein). In fact, prior to this work, neither entanglement nor higher-
order nonclassicalities are systematically studied in optical couplers other than the Kerr cou-
pler. The method followed in the present chapter is quite general and it can be extended easily
to other types of couplers, such as codirectional and contradirectional Raman and Brillouin
couplers [140], and parametric couplers [141].
In the present work, variation of nonclassicality with various parameters, such as the num-
ber of input photons in the linear mode, linear coupling constant, nonlinear coupling constant,
phase mismatch, is also studied, and it is observed that the amount of nonclassicality can be
controlled by controlling these parameters. The contradirectional asymmetric nonlinear optical
coupler studied in the present work was studied earlier using a short-length solution [144] and
by using a closed form exact solution obtained by considering b2 mode as classical [148]. In
contrast, a completely quantum mechanical solution of the equations of motion is obtained here
using the Sen-Mandal approach, which is not restricted by length. The use of better solution
and completely quantum mechanical treatment led to the identification of several nonclassical
characters of the contradirectional asymmetric nonlinear optical coupler that were not reported
in the earlier studies. All such nonclassical phenomena that are observed here and were not ob-
served in earlier studies are listed in Table 2.1. However, the results reported here for the lower-
and higher-order nonclassicalities in the codirectional coupler cannot be compared along the
same line as this is the first attempt to study the concerned nonclassical features. Further, all
the results obtained here in context of the contradirectional coupler show that in the contradi-
rectional propagation, the beams involved are more effectively matched compared to the case
of codirectional propagation, and consequently the nonlinear interaction is more effective and
nonclassical effects are stronger.
There exist a large number of nonclassicality criteria that are not studied here and are based
on the expectation values of moments of annihilation and creation operators (cf. Table I and II
of Ref. [161]). As we already have compact expressions for the field operators it is a straight-
forward exercise to extend the present work to investigate other signatures of nonclassicality,
such as photon hyperbunching [178], sum and difference squeezing of An-Tinh [179, 180] and
Hillery [181], inseparability criterion of Manicini et al. [182], Simon [183] and Miranowicz et
al. [173]. It is even possible to investigate the existence of Hong-Mandel [39, 40] type higher-
order squeezing and Agarwal-Tara parameter An [184] for higher-order nonclassicality using the
present approach. Possibly the study of lower- and higher-order steering using the present ap-
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proach and the strategy adopted in Ref. [185] is also feasible. However, we have not investigated
steering as recently it is shown that every pure entangled state is maximally steerable [186].
Since the combined states of three modes of the asymmetric codirectional and contradirectional
nonlinear optical couplers are pure states, the findings of Ref. [186] and the intermodal entan-
glement observed in the present chapter imply that the compound mode ab1 in both these cases
are maximally steerable. The importance of entanglement and steering in various applications
of quantum computing and quantum communication, and the easily implementable structure of
the coupler studied here indicate the possibility that the entangled states generated through the
optical couplers of the present form would be useful in various practical purposes.
Note that the experimental feasibility of characterizing the lower-order nonclassicalities re-
ported here is already discussed in Section 1.3. It is also possible to experimentally verify the
existence of higher-order nonclassicalities reported here as the higher-order nonclassical effects
can generally be detected using higher numbers of detectors correlating their outcomes. Alter-
natively, higher-order quantities can be calculated from the measured distributions. Specifically,
all the criteria of higher-order nonclassicalities reported here are expressed as the expectation
values of the moments of annihilation and creation operators, and these expectation values
can be measured using different variants of homodyne or heterodyne measurements and time
multiplexing. For example, Shchukin and Vogel clearly showed that amplitude squared squeez-
ing [187] and amplitude nth powered squeezing [187] can be detected using a technique based
on the balanced homodyne correlation measurement [187, 188]. Using Shchukin and Vogel’s
approach one can measure 〈a†kal〉 for any values of k and l (cf., Figure 1 of Ref [187]). Thus, if
we replace the source S in Figure 1 of Ref. [187] by a field of specific frequency (i.e., a field rep-
resenting a particular mode) obtained at the output of one of the waveguides that constitute the
coupler studied here, it would be possible to measure all the single-mode correlations (including
higher-order antibunching and higher-order squeezing) reported in the present work. However,
with an increase in k and l, the requirement of the number of beamsplitters, photodetectors,
and measurements increases considerably. This technical limitation of Shchukin and Vogel’s
approach is considerably circumvented in the later works of Prakash and Yadav [189] for nth-
order amplitude powered squeezing, and Prakash, Kumar, and Mishra’s work on amplitude
squared squeezing [190], where only one beamsplitter and one photodetector were used, and
the number of measurements required was also reduced. In these interesting works [189, 190],
higher-order moments of the number operators were obtained by using standard homodyne
67
CHAPTER 2. NONCLASSICALITIES IN A CODIRECTIONAL AND
CONTRADIRECTIONAL ASYMMETRIC NONLINEAR OPTICAL COUPLERS
technique. Following an independent approach Prakash and Mishra [191] showed that higher-
order sub-Poissonian statistics can also be used for detection of amplitude squared squeezing.
The proposals of detection of higher-order moments of the form 〈a†kal〉 is relatively new, but
schemes for the measurement of higher-order moments of the number operator (and thus higher-
order antibunching) was long in existence [192]. Beyond these new and old schemes of exper-
imental detection of the results reported here what is more exciting is the fact that our control
over the field, quality of source, detector, and other devices required for the experimental de-
tection have been considerably improved in the recent past, and as a consequence, a set of very
interesting experimental works demonstrating higher-order nonclassicality have been recently
reported [33–35, 155]. Specifically, using a hybrid photodetector Allevi et al. [33, 34] exper-
imentally measured 〈a† j1 a j1a†k2 ak2〉 which can be used to fully characterize bipartite multi-mode
states. Clearly, their method can be directly used to detect higher-order entanglement using HZ-
I and HZ-II criteria described by Eqs. (2.18)-(2.24), higher-order antibunching and higher-order
squeezing reported in the present work. Further, Avenhaus et al. [35] have also experimentally
measured 〈a† j1 a j1a†k2 ak2〉 using time multiplexing. Thus, in brief, there exist a large number of
alternative paths that may be used to experimentally verify the existence of nonclassical states
reported in the present work. It is true that most of the nonclassicalities reported here can be
observed in some other bosonic systems, too. For instance, we have shown recently that two
bosonic modes in an atom-molecule Bose–Einstein condensate [83] and two arbitrary pump
modes in the most general form of non-degenerate hyper-Raman processes [193] are always
entangled. However, the present system has some intrinsic advantages over most of the other
systems as it can be used as a component in the integrated waveguide-based structures in general
and photonic circuits in particular ( [133, 134] and references therein). Thus, the nonclassical-
ities reported in this easily implementable waveguide-based system is expected to be observed
experimentally. Further, the system (in both codirectional and contradirectional propagation of
fields) studied here is expected to play an important role as a source of nonclassical fields in the
integrated waveguide-based structures.
The results reported in this chapter for the codirectional and contradirectional nonlinear
optical coupler have been published as two independent international journal articles [82, 85].
Along the same line, possibilities of generation of nonclassicalities in other optical [193], atomic
[83, 84] and optomechanical [84] systems have also been performed, but the results of such
studies are not included in the thesis. Similarly, one can study the feasibility of generating
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nonclassical states in new systems considering the open quantum system effects as we have
performed in [194].
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CHAPTER 3
Linear and nonlinear quantum Zeno and anti-Zeno
effects in a nonlinear optical coupler
3.1 Introduction
Quantum Zeno and anti-Zeno effects were introduced in the first chapter while discussing the
difference between unitary and measurement operators (see Section 1.5.1). In the present chap-
ter, we aim to discus it in more detail. To begin with, we would like to note that the Greek
philosopher Zeno of Elea introduced a set of paradoxes of motion in the 5th century BC. These
paradoxes, which are now known as Zeno’s paradoxes, were unsolved for long, and they fas-
cinated mathematicians, logicians, physicists and other creative minds since their introduction.
In the recent past, a quantum analog of Zeno’s paradox has been studied intensively. Specif-
ically, in the late 50s and early 60s of the 20th century, Khalfin studied nonexponential decay
of unstable atoms [195–197]. Later on, in 1977, Misra and Sudarshan [72] showed that un-
der continuous measurement, an unstable particle will never be found to decay, and in analogy
with classical Zeno’s paradox they named this phenomenon as Zeno’s paradox in quantum
theory. Quantum Zeno effect in the original formulation refers to the inhibition of the tem-
poral evolution of a system on continuous measurement [72], while quantum anti-Zeno effect
or inverse Zeno effect refers to the enhancement of the evolution instead of the inhibition (see
Refs. [73–75] for the reviews). Here, it is important to note that usually quantum Zeno effect
is viewed as a process, which is associated with the repeated projective measurement. This is
only a specific manifestation of quantum Zeno effect. In fact, it can be manifested in a few
equivalent ways [198]. One such manifestation of quantum Zeno effect is a process in which
continuous interaction between the system and probe leads to the quantum Zeno effect. Here,
we aim to study the continuous interaction type manifestation of the quantum Zeno effect in a
symmetric nonlinear optical coupler, which is made of two nonlinear waveguides with χ(2) non-
linearity, and each of the waveguides is operating under second harmonic generation. As we
are describing an optical coupler, the waveguides are coupled with each other. More precisely,
these two waveguides interact with each other through the evanescent waves. We consider one
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of the waveguides as the probe and the other one as the system. In what follows, we will show
that the beauty of the symmetric nonlinear optical coupler (χ(2) − χ(2) coupler) studied here is
that the results obtained for this coupler can be directly reduced to the corresponding results for
the asymmetric nonlinear optical coupler discussed in Chapter 2, where the probe is linear (χ(1))
and the system is nonlinear (χ(2)).We have reported quantum Zeno and anti-Zeno effects in both
the symmetric (χ(2) − χ(2)) nonlinear optical coupler and asymmetric (χ(2) − χ(1)) nonlinear op-
tical coupler. Following an earlier work [199], we refer to the quantum Zeno (anti-Zeno) effect
observed due to the continuous interaction of a nonlinear
(
χ(2)
)
probe as the nonlinear quantum
Zeno (anti-Zeno) effect. Similarly, the quantum Zeno (anti-Zeno) effect observed due to the
continuous interaction of a linear
(
χ(1)
)
probe is referred to as the linear quantum Zeno (anti-
Zeno) effect. In general, quantum Zeno and anti-Zeno effects are considered as observation of
a physical process. The system here is a nonlinear waveguide operating under second harmonic
generation. The probe mode (in both linear and nonlinear quantum Zeno effects) interacts with
the fundamental mode of the system waveguide via evanescent field, which can be thought of
as a continuous measurement on the system. Consequently, the inhibition or enhancement of
the second harmonic generation due to the presence of a probe is characterized here as quantum
Zeno and anti-Zeno effects, respectively. The number of photons can be measured on a quantum
level, which will be a signature of the presence of these effects. Say, in the regime of quantum
Zeno effect, the second harmonic generation of the pump mode in the system waveguide will
be inhibited, resulting in a lesser number of photons in the second harmonic mode.
Optical couplers can be prepared easily and several exciting applications of the optical cou-
plers have been mentioned in the previous chapter (also see [79] and references therein). Con-
sequently, it is no wonder that quantum Zeno and anti-Zeno effects have been investigated in
various types of optical couplers [122,200–203]. Specifically, quantum Zeno and anti-Zeno ef-
fects were shown in Raman and Brillouin scattering using an asymmetric (χ(3) − χ(1)) nonlinear
optical coupler [201]; their existence was also shown in the χ(2) − χ(1) optical couplers [122],
χ(2) − χ(2) optical couplers [202], etc. In all these studies, it was always considered that one of
the modes in the nonlinear waveguide (this waveguide is considered as the system) is coupled
with the auxiliary mode in a (non)linear waveguide (this waveguide is considered as the probe).
Actually, the auxiliary mode acts as the probe since its coupling with the system implements
continuous observation on the evolution of the system (nonlinear waveguide) and changes the
photon statistics of the other modes (which are not directly coupled to the probe mode) of the
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nonlinear waveguide. Quantum Zeno and anti-Zeno effects have also been investigated in opti-
cal systems other than couplers, such as in parametric down-conversion [203–205], parametric
down-conversion with losses [206], an arrangement of beam splitters [207]. In these studies
on quantum Zeno effect in optical systems, often the pump mode has been considered strong,
and thus the complexity of a completely quantum mechanical treatment has been circumvented.
Keeping this in mind, in this thesis, we plan to use a completely quantum mechanical descrip-
tion of the coupler.
Initially, interest on the quantum Zeno effect was theoretical and purely academic in nature,
but with time quantum Zeno effect has been experimentally realized by several groups using
different techniques [208–210]. Not only that, several interesting applications of quantum Zeno
effect have also been proposed [68,70,71,208,211,212]. Specifically, in Refs. [211,212], it was
established that the quantum Zeno effect may be used to increase the resolution of absorption
tomography. A few of the proposed applications have also been experimentally realized. For
example, Kwait et al., implemented high-efficiency quantum interrogation measurement using
quantum Zeno effect [208]. Until recently, all the investigations related to the quantum Zeno
effect were restricted to the microscopic world. Recently, in a very interesting work, it has been
extended to the macroscopic world by showing the evidence for the existence of quantum Zeno
effect for large black holes [213]. The possibility of observing the macroscopic Zeno effect
was also studied in the context of stationary flows in the nonlinear waveguides with localized
dissipation [214]. The interest in quantum Zeno effect has recently been amplified with the
advent of various protocols of quantum communication that are based on quantum Zeno effect.
Specifically, in Ref. [70], a counterfactual protocol for direct quantum communication was pro-
posed using chained quantum Zeno effect which has been experimentally realized in the recent
past [71]; and in Ref. [68], the same effect has also been used to propose a scheme for counter-
factual quantum computation. In the past, a proposal for quantum computing was made using
an environment induced quantum Zeno effect to confine the dynamics in a decoherence-free
subspace [215]. Recently, quantum Zeno effect has also been used to reduce communication
complexity [216]. These applications of quantum Zeno effect and easy production of optical
couplers motivated us to systematically investigate the possibility of observing quantum Zeno
and anti-Zeno effects in a symmetric nonlinear optical coupler which is not studied earlier using
a completely quantum description.
To investigate the existence of quantum Zeno and anti-Zeno effects in the optical coupler
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Figure 3.1: Schematic diagrams of (a) a symmetric and (b) an asymmetric nonlinear optical
couplers of interaction length L in a codirectional propagation of different field modes involved.
The symmetric coupler is prepared by combining two nonlinear (quadratic) waveguides operat-
ing under second harmonic generation; and in the asymmetric coupler, one nonlinear waveguide
of the symmetric coupler is replaced by a linear waveguide.
of our interest, we have obtained closed form analytic expressions for the spatial evolution of
the different field operators using the Sen-Mandal perturbative approach (discussed in Section
1.5.2). In the past, photon statistics and dynamics of the symmetric coupler of our interest was
studied with an assumption that both the second harmonic modes are strong [146]. This as-
sumption circumvented the use of a completely quantum mechanical description. The present
investigation, which uses a completely quantum mechanical description, would not only re-
veal the existence of the nonlinear quantum Zeno and anti-Zeno effects, it would also establish
the existence of the linear quantum Zeno and anti-Zeno effects. The study would also show
that switching between quantum Zeno and anti-Zeno effects is possible by varying phase mis-
matches.
The rest of the chapter is organized as follows. In Section 3.2, we briefly describe the
momentum operator for the symmetric nonlinear optical coupler and the method used here to
obtain the analytic expressions of the spatial evolution of the field operators of various modes. In
Section 3.3, the existence of quantum Zeno and anti-Zeno effects is systematically investigated.
Finally, this chapter is concluded in Section 3.4.
3.2 The system and the solution
Momentum operator of a symmetric nonlinear optical coupler, prepared by combining two non-
linear (quadratic) waveguides operated by the second harmonic generation (as shown in Figure
3.1 (a)), in the interaction picture is given by [15, p. 114]
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Gsym = ~ka1b
†
1 + ~Γaa
2
1a
†
2 exp(i∆kaz) + ~Γbb
2
1b
†
2 exp(i∆kbz) + H.c. , (3.1)
where the annihilation (creation) operators ai (a
†
i ) and bi (b
†
i ) correspond to the field operators
in the two nonlinear waveguides. Here, a1 (ka1) and a2 (ka2) denote the annihilation operators
(wavevectors) for the fundamental and second harmonic modes, respectively, in the first waveg-
uide. Similarly, b1 (kb1) and b2 (kb2) represent the annihilation operators (wavevectors) for the
fundamental and second harmonic modes, respectively, in the second waveguide. Further, H.c.
stands for the Hermitian conjugate; ∆k j = |2k j1 − k j2 | refers to the phase mismatch between
the fundamental and second harmonic beams; the parameters k and Γ j denote the linear and
nonlinear coupling constants, respectively, where j ∈ {a, b}. The momentum operator described
above (3.1) is completely quantum mechanical in the sense that all the modes involved in the
process are considered weak and treated quantum mechanically. Thus, we consider the pump
as weak and note that Γ j  k as k and Γ j are proportional to the linear (χ(1)) and nonlinear (χ(2))
susceptibilities, respectively, and usually χ(2)/χ(1) ' 10−6 as stated in the previous chapter.
For the study of quantum Zeno and anti-Zeno effects in a system, we need a system mo-
mentum operator under a continuous interaction with a probe. In this particular system–the
symmetric nonlinear optical coupler–we can consider that the waveguide which is described
by Gsys = ~Γbb21b
†
2 exp(i∆kbz) + H.c. , can be considered as the system as it is in a continuous
interaction with the probe, which is described by Gprobe = ~ka1b
†
1 + ~Γaa
2
1a
†
2 exp(i∆kaz) + H.c.
Here, the probe itself is considered to be nonlinear. Further, if we take Γa = 0 in Eq. (3.1), i.e.,
if we consider the probe to be linear then we obtain [78]
Gasym = ~ka1b
†
1 + ~Γbb
2
1b
†
2 exp(i∆kbz) + H.c. , (3.2)
which is the momentum operator of an asymmetric nonlinear optical coupler in the interaction
picture studied in Chapter 2 (which is same as Eq. (1.27) after writing a1 = a, Γb = Γ, and
∆kb = ∆k).
The spatial evolution of various modes involved in the momentum operators (3.1) and (3.2)
can be obtained as the simultaneous solution of the Heisenberg’s equations of motion corre-
sponding to each mode. However, for the complex systems, such as considered here, the closed
form analytic solution can be obtained only by using some perturbative methods. Here, we use
the Sen-Mandal perturbative method, already discussed in Section 1.5.2, to obtain the spatial
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evolution of all the field operators involved in (3.1).
The solution of the momentum operator given in Eq. (3.1) using the Sen-Mandal perturba-
tive approach can be obtained once we write the Heisenberg’s equations of motion for all the
field modes involved, which are obtained as
da1
dz = ik
∗b1 + 2iΓ∗aa
†
1a2 exp (−i∆kaz) ,
db1
dz = ika1 + 2iΓ
∗
bb
†
1b2 exp (−i∆kbz) ,
da2
dz = iΓaa
2
1 exp (i∆kaz) ,
db2
dz = iΓbb
2
1 exp (i∆kbz) .
(3.3)
In the Sen-Mandal approach, the evolution of the field modes can be assumed (up to quadratic
terms in the nonlinear coupling constants Γi) in the following forms
a1(z) = f1a1(0) + f2b1(0) + f3a
†
1(0)a2(0) + f4a2(0)b
†
1(0) + f5b
†
1(0)b2(0) + f6a
†
1(0)b2(0)
+ f7a1(0)a
†
2(0)a2(0) + f8a
†
1(0)a
2
1(0) + f9a
†
2(0)a2(0)b1(0) + f10a
†
1(0)a1(0)b1(0)
+ f11a1(0)b
†
1(0)b1(0) + f12a
†
1(0)b
2
1(0) + f13a
2
1(0)b
†
1(0) + f14b
†
1(0)b
2
1(0)
+ f15a2(0)b1(0)b
†
2(0) + f16a1(0)a2(0)b
†
2(0) + f17a1(0)a
†
2(0)b2(0)
+ f18a
†
2(0)b1(0)b2(0) + f19b1(0)b
†
2(0)b2(0) + f20b
†
1(0)b
2
1(0) + f21a
†
1(0)b
2
1(0)
+ f22a1(0)b
†
2(0)b2(0) + f23a1(0)b
†
1(0)b1(0) + f24a
†
1(0)a1(0)b1(0) + f25a
2
1(0)b
†
1(0)
+ f26a
†
1(0)a
2
1(0),
b1(z) = g1a1(0) + g2b1(0) + g3a
†
1(0)a2(0) + g4a2(0)b
†
1(0) + g5b
†
1(0)b2(0) + g6a
†
1(0)b2(0)
+ g7a1(0)a
†
2(0)a2(0) + g8a
†
1(0)a
2
1(0) + g9a
†
2(0)a2(0)b1(0) + g10a
†
1(0)a1(0)b1(0)
+ g11a1(0)b
†
1(0)b1(0) + g12a
†
1(0)b
2
1(0) + g13a
2
1(0)b
†
1(0) + g14b
†
1(0)b
2
1(0)
+ g15a2(0)b1(0)b
†
2(0) + g16a1(0)a2(0)b
†
2(0) + g17a1(0)a
†
2(0)b2(0)
+ g18a
†
2(0)b1(0)b2(0) + g19b1(0)b
†
2(0)b2(0) + g20b
†
1(0)b
2
1(0) + g21a
†
1(0)b
2
1(0)
+ g22a1(0)b
†
2(0)b2(0) + g23a1(0)b
†
1(0)b1(0) + g24a
†
1(0)a1(0)b1(0) + g25a
2
1(0)b
†
1(0)
+ g26a
†
1(0)a
2
1(0),
a2(z) = h1a2(0) + h2a21(0) + h3b1(0)a1(0) + h4b
2
1(0) + h5a
†
1(0)a1(0)a2(0) + h6a2(0)
+ h7a
†
1(0)a2(0)b1(0) + h8a1(0)a2(0)b
†
1(0) + h9a2(0)b
†
1(0)b1(0) + h10a1(0)b
†
1(0)b2(0)
+ h11b
†
1(0)b1(0)b2(0) + h12b2(0) + h13a
†
1(0)a1(0)b2(0) + h14a
†
1(0)b1(0)b2(0),
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b2(z) = l1b2(0) + l2b21(0) + l3b1(0)a1(0) + l4a
2
1(0) + l5b
†
1(0)b1(0)b2(0) + l6b2(0)
+ l7a1(0)b
†
1(0)b2(0) + l8a
†
1(0)b1(0)b2(0) + l9a
†
1(0)a1(0)b2(0) + l10a
†
1(0)a2(0)b1(0)
+ l11a
†
1(0)a1(0)a2(0) + l12a2(0) + l13a2(0)b
†
1(0)b1(0) + l14a1(0)a2(0)b
†
1(0).
(3.4)
All the functions fi, gi, hi, and li can be obtained using the assumed solution (3.4) for dif-
ferent field modes in the coupled differential equations given in Eq. (3.3) with the boundary
conditions for all F1 (z = 0) = 1, where F ∈ { f , g, h, l}. The closed form analytic solution given
in Eq. (3.4) contains various coefficients, for example,
l1 = 1,
l2 = −ΓbG
∗
b−
2∆kb
+ iCb2
[
2|k|
(
G∗b+ − 1
)
sin 2|k|z − i∆kb
(
1 −
(
G∗b+ − 1
)
cos 2|k|z
)]
,
l3 =
−Cb |k|[i∆kb(G∗b+−1) sin 2|k|z+2|k|(1−(G∗b+−1) cos 2|k|z)]
k∗ ,
l4 =
Γb |k|2G∗b−
2k∗2 ∆kb
+ iCb |k|
2
2k∗2
[
2|k|
(
G∗b+ − 1
)
sin 2|k|z − i∆kb
(
1 −
(
G∗b+ − 1
)
cos 2|k|z
)]
,
l5 =
|Cb |2
|k|∆k2b
[
−16|k|5
(
G∗b− + i∆kbz
)
− 8i|k|4∆kbG∗b− sin 2|k|z + 6i|k|2∆k3bG∗b− sin 2|k|z
− i∆k5b sin 2|k|z + 4|k|3∆k2b
(
cos 2|k|z − 1 + 3G∗b− + 3i∆kbz
)
+ ∆k4b|k|
((
1 − 2G∗b−
)
cos 2|k|z − 1 − 2G∗b− − 2i∆kbz
)]
,
l6 =
|Cb |2
∆k2b
[
−16|k|4
(
G∗b− + i∆kbz
)
− 4i|k|∆k3b
(
G∗b+ − 1
)
sin 2|k|z + 4
(
cos 2|k|z
(
G∗b+ − 1
)
+ 2G∗b− − 1 + 3i∆kbz
)
|k|2∆k2b + ∆k4b
(
cos 2|k|z
(
G∗b+ − 1
)
− 1 −G∗b− − 2i∆kbz
)]
,
l7 =
|Cb |2
k∗∆kb
[
2∆k4b sin
2 |k|z + 4i|k|3∆kb sin 2|k|z − i|k|∆k3b
(
2G∗b− − 1
)
sin 2|k|z
+ 8|k|4
(
−G∗b− cos 2|k|z + G∗b− − i∆kbz
)
+ 2|k|2∆k2b
(
3G∗b− cos 2|k|z −G∗b− + i∆kbz
)]
,
l8 = − |Cb |2k∆kb
[
2∆k4b sin
2 |k|z − i|k|∆k3b sin 2|k|z + 4i|k|3∆kb
(
2G∗b− − 1
)
sin 2|k|z + 2|k|2∆k2b
×
((
G∗b+ + 2
)
cos 2|k|z −G∗b− − 4 − i∆kbz
)
+ 8|k|4
(
−G∗b− cos 2|k|z + G∗b− + i∆kbz
)]
,
l9 =
|Cb |2
|k|∆k2b
[
−16|k|5
(
G∗b− + i∆kbz
)
+
{
8i|k|4∆kbG∗b− − 2i|k|2∆k3b
(
G∗b+ + 2
)
+ i∆k5b
}
× sin 2|k|z + 4|k|3
((
1 − 2G∗b−
)
cos 2|k|z − 1 + G∗b− + 3i∆kbz
)
× ∆k2b + |k|∆k4b (cos 2|k|z − 1 − 2i∆kbz)
]
,
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l10 =
2Cab |k|(Gab+−1)
k∗
[
2i|k|2∆kb∆kab sin 2|k|z
{
4|k|2 (∆kb (G∗a− − 1) − ∆ka (G∗a− + 1) + ∆kb)
−
(
∆k2b (∆kb − 2∆ka) +
(
∆k3ab − 2∆k2a∆kb
) (
G∗a− − 1
))} − i∆k2a∆k2b∆k3ab (G∗a+ − 1)
× sin 2|k|z + (−∆kb∆kabG∗a− cos 2|k|z + (∆ka (G∗ab− − 1) + ∆kab (G∗a+ − 1) + ∆kb)
× ∆ka) 16|k|5 − 4|k|3 {∆kb∆kab cos 2|k|z
(
∆k2a
(
3G∗a+ − 2
) − ∆ka∆kbG∗a+ − ∆k2bG∗a−)
+ ∆ka
((
∆k2b∆kab + ∆k
3
ab
) (
G∗a+ − 1
)
+ ∆k3b + ∆kb∆k
2
ab −
(
G∗ab+ − 1
)
×
(
2∆k2a∆kb − 4∆ka∆k2b + ∆k3a + 2∆k3b
))}
− |k|∆ka∆kb∆k2ab
(
∆kb∆kab
(
G∗a− − 1
)
+ 2∆k2a
(
G∗ab+ − 1
)
− ∆k2b + cos 2|k|z
(
−∆k2b +
(
∆ka∆kb − 2∆k2a + ∆k2b
) (
G∗a+ − 1
)))]
,
l11 = −2Cabk(Gab+−1)k∗
[
32|k|6
(
∆ka
(
G∗ab− − 1
)
+ ∆kb ∆kab
(
G∗a+ − 1
))
+ 16i∆kb∆kab|k|5G∗a−
× sin 2|k|z − 2∆k2a∆k2b∆k3ab
(
G∗a+ − 1
)
sin2 |k|z +
{(
−∆ka∆kbG∗a+ − ∆k2bG∗a− + ∆k2a
× (3G∗a+ − 2)) 4i∆kb∆kab|k|3 − i∆ka (∆k2b + (2∆k2a − ∆ka∆kb − ∆k2b) (G∗a+ − 1))
× ∆kb∆k2ab|k|
}
sin 2|k|z − 8|k|4 {∆kb∆kab cos 2|k|z (∆kbG∗a− − ∆ka (G∗a− + 1)) − ∆ka
×
(
G∗ab+ − 1
) (
∆ka∆kb + 3∆k2ab
)
+ ∆kb
(
∆k2ab + ∆k
2
b
)
+
(
G∗a+ − 1)
(
−5∆k2a∆kb
+ 4∆ka∆k2b + 3∆k
3
a − 2∆k3b
)}
+ 2∆kab|k|2
{
∆kb
(
∆k2b (∆kb − 2∆ka) +
(
G∗a+ − 1
)
×
(
∆k3ab − 2∆k2a∆kb
))
cos 2|k|z + ∆k3a
(
G∗ab− + 1
)
(2∆kab − ∆kb) + ∆k3b∆kab
+
(
G∗a+ − 1
) (
2∆k2a∆k
2
ab − 2∆ka∆k3b + 3∆k2a∆k2b + ∆k4b
)}]
,
l12 =
−2Cabk(Gab+−1)(4|k|2−∆k2ab)
k∗
[
8|k|4
(
∆ka
(
G∗ab− − 1
)
+ ∆kab
(
G∗a+ − 1
)
+ ∆kb
)
+ ∆k2a∆k
2
b
× ∆kab sin2 |k|z (G∗a+ − 1) − 2|k|2 {∆ka∆kab (G∗a+ − 1) cos 2|k|z ∆kb + ∆kab (∆k2a + ∆k2b)
× (G∗a+ − 1) + ∆k3a (G∗a− − 1) ∆k3b} + i∆ka∆kb|k| (∆k2a − ∆k2b) (G∗a+ − 1) sin 2|k|z] ,
l13 =
−2Cabk|k|(Gab+−1)
k∗
[
32|k|5
(
∆ka
(
G∗ab− − 1
)
+ ∆kb + ∆kab
(
G∗a+ − 1
)) − 4i∆kb∆kab|k|2
× sin 2|k|z
{
4|k|2G∗a− − ∆ka∆kb
(
3G∗a+ − 2
)
+ ∆k2aG
∗
a+ − ∆k2bG∗a−
}
− i∆ka∆k2b∆k2ab
× sin 2|k|z (−∆kb + ∆kab (G∗a+ − 1)) − 8|k|3 {∆kb∆kab (−∆kbG∗a− + ∆ka (G∗a+ + 1))
× cos 2|k|z − ∆kab
(
G∗ab+ − 1
) (
∆k2a + ∆kb∆kab
)
+
(
∆kb + ∆kab
(
G∗a+ − 1
)) (
∆k2b + ∆k
2
ab
)}
− 2∆kb∆kab|k|
{
cos 2|k|z
(
−∆k2b (∆ka + ∆kab) − ∆k2ab (∆ka + ∆kb)
(
G∗a+ − 1
)) − ∆kb∆k2ab
× (G∗a+ − 1) + ∆k3a (G∗ab+ − 1) − ∆k2b∆kab}] ,
l14 =
−2Cabk2(Gab+−1)
k∗
[
2∆ka∆k2b∆k
2
ab (−∆kb + ∆kab
(
G∗a+ − 1
))
+ 2i∆kb∆kab|k| sin 2|k|z {−4
× |k|2 (−∆kbG∗a− + ∆ka (G∗a+ + 1)) + (∆ka + ∆kab) ∆k2b + ∆k2ab (∆ka + ∆kb) (G∗a+ − 1)}
+ 16|k|4 {−∆kb∆kabG∗a− cos 2|k|z + ∆ka ((G∗a+ − 1) ∆kab + ((∆kb − ∆kab) (G∗ab+ − 1)
− ∆kb)} − 4|k|2
{
∆kb∆kab
(
−∆ka∆kb (3G∗a+ − 2) − ∆k2b G∗a− + ∆k2aG∗a+) cos 2|k|z
+ ∆ka ((∆kb − ∆kab) ∆k2a
(
G∗ab+ − 1
)
+
(
∆k2b + ∆k
2
ab
)
(−∆kb + ∆kab (G∗a+ − 1)))}]
(3.5)
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with Gi± =
(
1 ± exp(−i∆kiz)) for i ∈ {a, b, ab}, and ∆kab = ∆ka − ∆kb. Also, Ca = Γa[4|k|2−∆k2a] ,
Cb =
Γb
[4|k|2−∆k2b]
, and Cab =
Γ∗aΓb
∆ka∆kb∆kab[4|k|2−∆k2a][4|k|2−∆k2b][4|k|2−∆k2ab]
.
Here, we report the closed form analytic expression for the spatial evolution of b2 mode
only, i.e., b2(z). We restrict our description to b2(z) as only the coefficients present in the analytic
expression of b2(z) appear in the expressions of the linear and nonlinear Zeno parameters. To
maintain the flow of the chapter, the detailed solution is not shown here. The same may be
found at the supplementary material of Ref. [121], which reports the finding of this Chapter of
the thesis, at [217]. In what follows, we use the expression of b2(z) to investigate the linear and
nonlinear quantum Zeno and anti-Zeno effects in the optical couplers.
3.3 Linear and nonlinear quantum Zeno and anti-Zeno ef-
fects
Being consistent with the theme of the present work, the presence of the quantum Zeno and
anti-Zeno effects with a nonlinear probe corresponds to the nonlinear quantum Zeno and anti-
Zeno effects. Similarly, a linear probe will give the linear quantum Zeno and anti-Zeno effects.
Further, it has already been mentioned in Section 3.1 that analytical expressions for the Zeno
parameter for a linear probe can be obtained as the limiting cases of the expressions obtained for
the nonlinear probe by neglecting the nonlinearity present in the probe [218]. A quite similar
analog of the linear and nonlinear quantum Zeno and anti-Zeno effects were also discussed in
the recent past [199, 219] in other physical systems.
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3.3.1 Number operator and Zeno parameter
The analytic expression of the number operator for the second harmonic field mode in the
system waveguide, i.e., b2 mode using Eq. (3.4), is given by
Nb2 (z) = b
†
2 (z) b2 (z)
= b†2 (0) b2 (0) + |l2|2 b†21 (0) b21 (0) + |l3|2 a†1 (0) a1 (0) b†1 (0) b1 (0)
+ |l4|2 a†21 (0) a21 (0) +
[
l2b
†
2 (0) b
2
1 (0) + l3b
†
2 (0) b1 (0) a1 (0) + l4b
†
2 (0) a
2
1 (0)
+ l∗2l3a1 (0) b
†2
1 (0) b1 (0) + l
∗
2l4a
2
1 (0) b
†2
1 (0) + l
∗
3l4a
†
1 (0) a
2
1 (0) b
†
1 (0)
+ l5b
†
1 (0) b1 (0) b
†
2 (0) b2 (0) + l6b
†
2 (0) b2 (0) + l7a1 (0) b
†
1 (0) b
†
2 (0) b2 (0)
+ l8a
†
1 (0) b1 (0) b
†
2 (0) b2 (0) + l9a
†
1 (0) a1 (0) b
†
2 (0) b2 (0)
+ l10a
†
1 (0) a2 (0) b1 (0) b
†
2 (0) + l11a
†
1 (0) a1 (0) a2 (0) b
†
2 (0) + l12a2 (0) b
†
2 (0)
+ l13a2 (0) b
†
1 (0) b1 (0) b
†
2 (0) + l14a1 (0) a2 (0) b
†
1 (0) b
†
2 (0) + H.c.
]
,
(3.6)
where the functional form of coefficients li is given in Eq. (3.5).
Here, we have considered the initial state to be a multi-mode coherent state |α〉|β〉|γ〉|δ〉,
which is the product of four single-mode coherent states |α〉, |β〉, |γ〉, and |δ〉, where |α〉, |β〉, |γ〉,
and |δ〉 are the eigenkets of the annihilation operators for the corresponding field modes, i.e., a1,
b1, a2, and b2, respectively. For example, b1(0)|α〉|β〉|γ〉|δ〉 = β|α〉|β〉|γ〉|δ〉 and a1(0)|α〉|β〉|γ〉|δ〉 =
α|α〉|β〉|γ〉|δ〉, where |α|2, |β|2, |γ|2, and |δ|2 are the initial number of photons in the field modes
a1, b1 a2, and b2, respectively. Further, the symmetric nonlinear optical coupler and its ap-
proximated special case of the asymmetric nonlinear optical coupler can operate under two
conditions: spontaneous and stimulated. In the spontaneous (stimulated) case, initially, i.e., at
t = 0, there is no photon (a nonzero number of photons) in the second harmonic modes of the
system, whereas average photon numbers in the other modes are nonzero.
Following some of the earlier works [200–203], the effect of the presence of the probe mode
on the photon statistics of the second harmonic mode of the system is investigated using Zeno
parameter (∆NZ), introduced by us in [122], which is defined as
∆NZ = 〈NX (z)〉 − 〈NX (z)〉k=0 . (3.7)
The Zeno parameter is a measure of the effect caused on the evolution of the photon statis-
tics of the system (obtained for mode X) due to its interaction with the probe. It can be inferred
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from Eq. (3.7) that the negative values of the Zeno parameter signify that the continuous mea-
surement via the probe inhibited the evolution of mode X by decreasing the photon generation
in that particular mode, which demonstrates the presence of the quantum Zeno effect. On the
other hand, the positive values of the Zeno parameter correspond to the enhancement of the
photon generation due to coupling with the auxiliary mode in the probe. This is a signature of
the presence of the quantum anti-Zeno effect.
For the system of our interest, the symmetric nonlinear optical coupler, using the analytic
expression of the photon number operator in Eq. (3.6), the Zeno parameter can be calculated
for the second harmonic mode of the system waveguide as
∆NNZ =
(
|l2|2 − |p2|2
)
|β|4 + |l3|2 |α|2 |β|2 + |l4|2 |α|4 +
[
(l2 − p2) β2δ∗ + l3αβδ∗ + l4α2δ∗
+ l∗2l3 |β|2 αβ∗ + l∗2l4α2β∗2 + l∗3l4 |α|2 αβ∗ + (l5 − p5) |β|2 |δ|2 + (l6 − p6) |δ|2
+ l7 |δ|2 αβ∗ + l8 |δ|2 α∗β + l9 |α|2 |δ|2 + l10α∗βγδ∗ + l11 |α|2 γδ∗ + l12γδ∗
+ l13 |β|2 γδ∗ + l14αβ∗γδ∗ + c.c.
]
,
(3.8)
where
p2 = −ΓbG∗−∆kb ,
p5 = 2p6 = −4|Γb |
2(G∗−+i∆kbz)
(∆kb)2
.
(3.9)
Here, pis are obtained by taking k = 0 in corresponding lis in Eq. (3.5). All the remaining
pis vanish in the absence of the probe. The subscript NZ in the Zeno parameter corresponds
to the physical situation where a nonlinear probe is used, i.e., when “nonlinear Zeno” effect is
investigated. Thus, ∆NNZ can be referred to as the nonlinear Zeno parameter. Similarly, ∆NLZ
will denote linear Zeno parameter, i.e., Zeno parameter for a physical situation where the linear
probe is used.
It is easy to obtain the Zeno parameter for the spontaneous case. Specifically, in the spon-
taneous case, i.e., in the absence of any photon in the second harmonic mode of the system at
t = 0 (or considering δ = 0 at t = 0), the analytic expression of the nonlinear Zeno parameter
can be obtained from Eq. (3.8) by keeping the δ independent terms as
(∆NNZ)δ=0 =
(
|l2|2 − |p2|2
)
|β|4 + |l3|2 |α|2 |β|2 + |l4|2 |α|4 +
[
l∗2l3 |β|2 αβ∗ + l∗2l4α2β∗2
+ l∗3l4 |α|2 αβ∗ + c.c.
]
.
(3.10)
In Section 3.2, we have already mentioned that the momentum operator for an asymmetric
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nonlinear optical coupler (χ(2) − χ(1)) can be obtained by just neglecting the nonlinear coupling
terms in one of the nonlinear waveguides present in the symmetric nonlinear coupler (χ(2)−χ(2))
studied here. Thus, we may consider the probe in the nonlinear Zeno parameter obtained in Eq.
(3.8) to be linear by taking Γa = 0. This is how we can obtain the expression for the linear Zeno
parameter. Thus, the Zeno parameter of the asymmetric nonlinear optical coupler characterized
by Eq. (3.2) can be obtained as
∆NLZ =
(
|l2|2 − |p2|2
)
|β|4 + |l3|2 |α|2 |β|2 + |l4|2 |α|4 +
[
(l2 − p2) β2δ∗ + l3αβδ∗ + l4α2δ∗
+ l∗2l3 |β|2 αβ∗ + l∗2l4α2β∗2 + l∗3l4 |α|2 αβ∗ + (l5 − p5) |β|2 |δ|2 + (l6 − p6) |δ|2
+ l7 |δ|2 αβ∗ + l8 |δ|2 α∗β + l9 |α|2 |δ|2 + c.c.
]
.
(3.11)
Further, if we neglect all the terms beyond linear power in nonlinear coupling constant Γb in Eq.
(3.11), we find that the result obtained here matches exactly with the result reported by us in
Ref. [122]. Interestingly, the analytic expressions of the nonlinear and linear Zeno parameters
have the same form in the spontaneous case. It can also be checked that the expression obtained
in Eq. (3.10) vanishes if we neglect all the terms beyond linear powers in the nonlinear coupling
constant. This is also consistent with the earlier findings of ours [122], which was obtained
using the Sen-Mandal perturbative solution of asymmetric codirectional coupler reported in
Section 1.5.2.
3.3.2 Variation of Zeno parameter with different variables
The analytic expressions obtained for both nonlinear and linear Zeno parameters depend on
various parameters, such as photon numbers and phases of different field modes, linear and
nonlinear coupling, interaction length, phase mismatch between the fundamental and second
harmonic modes in the nonlinear waveguides. In the spontaneous case, the system shows quan-
tum anti-Zeno effect initially which eventually goes towards quantum Zeno effect with increase
in the rescaled interaction length (cf. Figure 3.2 (a)). This behavior of the linear Zeno parameter
in the spontaneous case is further elaborated in Figure 3.2 (b), where it can be observed that as
the number of photons in the linear mode of the system waveguide become comparable to the
photon numbers in the probe mode, quantum Zeno effect is prominent. A similar effect on the
photon numbers is observed even in the stimulated case in Figure 3.2 (c), where the transition
to quantum Zeno effect with increasing rescaled interaction length is more dominating than in
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Figure 3.2: (a) Variation in the linear Zeno parameter with rescaled interaction length for
Γb
k = 10
−2, ∆kbk = 10
−3 with α = 5, β = 3, and δ = 1 and -1 in the stimulated case (smooth
and dashed lines) and δ = 0 in the spontaneous case (dot-dashed line). (b) In the spontaneous
case, α = 10 with β = 3, 6, and 7 for the smooth, dashed, and dot-dashed lines, respectively. (c)
α = 10, β = 8, and δ = −4, 0, and 4 for the smooth, dashed, and dot-dashed lines, respectively.
All the quantities shown in the present chapter are dimensionless unless stated otherwise.
Figure 3.2 (a). Further, in the stimulated case, a transition between the linear quantum Zeno and
anti-Zeno effects can be obtained by controlling the phase of the second harmonic mode of the
system waveguide as illustrated in Figure 3.2 (a). However, with an increase in the number of
photons in the fundamental mode of the system waveguide shown in Figure 3.2 (c), this nature
disappears gradually as it tends toward the quantum Zeno effect.
To illustrate the variation of the nonlinear Zeno parameter with the rescaled interaction
length of the coupler in Figure 3.3, we have considered specific values of all the remaining
parameters. As in the case of linear Zeno parameter (cf. Figure 3.2), the nonlinear Zeno pa-
rameter also shows dependence on the phases of both second harmonic modes involved in the
symmetric coupler. Specifically, Figure 3.3 (a) illustrates that a change in the phase of the sec-
ond harmonic mode of the system creates some changes in the photon statistics which causes a
transition between quantum Zeno and anti-Zeno effects. This becomes more dominant with the
change of phase of the second harmonic mode of the probe as well. Similarly, Figure 3.3 (b)
establishes an analogous fact for the nonlinear Zeno parameter as in Figure 3.2 (b) for the linear
Zeno parameter, i.e., when the photon numbers in the linear modes of both the waveguides are
comparable, then the quantum Zeno effect prevails. Figure 3.3 (c) shows that by changing the
phase of α by pi (i.e., transforming α to −α) we observe a similar effect as observed by changing
the phase of β by the same amount. Interestingly, this kind of nature can be attributed to the
symmetry present in the symmetric coupler studied here.
The explicit dependence of the linear and nonlinear Zeno parameters on the remaining pa-
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Figure 3.3: (a) Nonlinear Zeno parameter with Γak =
Γb
k = 10
−2, ∆kak = 1.1 × 10−3, ∆kbk = 10−3
with α = 5, β = 3, and γ = 2, δ = 1 and -1 in the stimulated case (smooth and dashed lines)
and γ = −2, δ = 1 and -1 in the dot-dashed and dotted lines. (b) α = 10, γ = 3, δ = 1 with
β = 3, 6, and 7 for the smooth, dashed and dot-dashed lines, respectively. (c) shows variation
in the nonlinear Zeno parameter due to change in the phase of α or β by an amount of pi for
α = β = 6, and γ = 3, δ = 2. It is also observed that the change in phase of α is equivalent to
that of β.
rameters, such as nonlinear coupling constants, phase mismatches, of both system and probe
waveguides is illustrated in Figures 3.4 and 3.5, respectively. Specifically, Figures 3.4 (a) and
(b) show the variation in the linear Zeno parameter for two values of the nonlinear coupling
constant of the system in the spontaneous and stimulated cases, respectively. A similar study
is shown in Figures 3.5 (a) and (b) for the nonlinear Zeno parameter with two values of the
nonlinear coupling constants of the system and probe waveguides, respectively. All the cases
demonstrate that with increase in the nonlinear coupling of the system a dominant oscillatory
nature is observed, while increase in the nonlinear coupling of the probe waveguide shows
preference for the quantum anti-Zeno effect.
The phase mismatch between the fundamental and second harmonic modes of the system
(probe) waveguide has a negligible effect on the linear (nonlinear) Zeno parameter in the spon-
taneous (stimulated) case as depicted in Figure 3.4 (c) (3.5 (c)), while a similar observation for
the linear (nonlinear) Zeno parameter shown in Figure 3.4 (d) (3.5 (d)) for the stimulated case
with the phase mismatch in the system waveguide exhibits a transition from the quantum Zeno
effect to quantum anti-Zeno effect.
The dependence of both linear and nonlinear Zeno parameters on the linear coupling can
be observed with the interaction length in Figures 3.6 (a) and (b), respectively. With a partic-
ular choice of values for other parameters, both Zeno parameters show quantum Zeno effect.
However, as observed in Figure 3.2, the quantum anti-Zeno effect can be illustrated here by just
controlling the phase of the second harmonic mode in the system, though an increase in the
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Figure 3.4: (a) Linear Zeno parameter in the spontaneous case for ∆kbk = 10
−3 with α = 5, β = 3
for Γbk = 10
−2 (5 × 10−2) in the smooth blue (dashed red) line. (b) A similar observation in the
stimulated case with δ = 1 and all the remaining values same as (a). In (c) and (d), the effect of
phase mismatch in the spontaneous and stimulated (with δ = 1) cases of linear Zeno parameter
is shown, respectively. The remaining parameters are Γbk = 10
−2 with ∆kbk = 10
−3 (10−1) in the
smooth blue (dashed red) line.
effect of the presence of the probe in the photon statistics of the second harmonic mode with
increasing interaction length and linear coupling can be observed from the figure. This domi-
nance of the effect of the probe is oscillatory in nature and gives a ripplelike structure in Figure
3.6.
The effect of change in the phase mismatch between the fundamental and second harmonic
modes explored in Figures 3.4 (c)-(d) and 3.5 (c)-(d) is further illustrated in Figure 3.7. The
phase mismatch between the fundamental and second harmonic modes in the system waveguide
has an evident effect on the linear Zeno parameter only in the small mismatch region for the
spontaneous case (cf. Figure 3.7 (a)), whereas an increase in the initial number of photons
in the second harmonic mode of the system, i.e., in the stimulated case, changes the photon
statistics drastically and both quantum Zeno and anti-Zeno effects, with continuous switching
between them, have been observed in Figure 3.7 (b). The corresponding plot for the nonlinear
Zeno parameter shows a quite similar behavior in Figure 3.7 (c) with slight changes in the
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Figure 3.5: Dependence of the nonlinear Zeno parameter on the nonlinear coupling constant is
depicted in (a) and (b). In (a), the nonlinear Zeno parameter is shown with rescaled interaction
length for Γak = 10
−2, ∆kak = 1.1 × 10−3, ∆kbk = 10−3 with α = 5, β = 3, γ = 2, and δ = 1. The
smooth (blue) and dashed (red) lines correspond to Γbk = 10
−2 and Γbk = 5 × 10−2, respectively.
Similarly, in (b), the smooth (blue) and dashed (red) lines correspond to Γak = 10
−2 and Γak =
5×10−2, respectively, with Γbk = 10−2 and all the remaining values as in (a). In (c), the nonlinear
Zeno parameter is shown in the smooth blue (dashed red) line with Γak =
Γb
k = 10
−2, ∆kbk = 10
−3
for ∆kak = 1.1 × 10−3
(
1.1 × 10−1
)
. Similarly, in (d), the nonlinear Zeno parameter is shown in
the smooth blue (dashed red) line with ∆kak = 1.1 × 10−3 for ∆kbk = 10−3
(
10−1
)
.
photon statistics due to the presence of the second harmonic mode in the probe. A similar study
for the effect of the phase mismatch between the fundamental and second harmonic modes of
the probe on the nonlinear Zeno parameter shows an ample amount of variation only for small
mismatch and becomes almost constant for larger values of the phase mismatch. These features
of quantum Zeno and anti-Zeno effects can be further illustrated using contour plots as shown
in Figure 3.8, where the values of different parameters are same as those used in Figure 3.7.
The contour plots are drawn here to clearly show the regions of quantum Zeno and anti-Zeno
effects (without referring to the magnitude of the Zeno parameter) as shown in Figures 3.8 (a)
and (b), where the blue regions correspond to the quantum Zeno effect while the yellow regions
correspond to the quantum anti-Zeno effect in the linear Zeno case. The contour plots can
also be drawn to illustrate the depth of the Zeno parameter for both the effects as illustrated in
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Figure 3.6: Variation in the (a) linear and (b) nonlinear Zeno parameters with the linear
coupling constant (in the units of meter−1) and the interaction length (in meter) is shown for
Γa
k =
Γb
k = 10
−2, ∆kak = 1.1 × 10−3, ∆kbk = 10−3 with α = 6, β = 4, γ = 2, and δ = 1.
Figures 3.8 (c) and (d) for the nonlinear Zeno parameter.
Figure 3.9 demonstrates the nature of linear Zeno parameter with changes in the number of
photons in the linear modes of both the waveguides. Here, it can be seen that with an increase
in photon numbers in the probe mode quantum anti-Zeno effect is preferred, while with an
increase in the intensity in the linear mode of system waveguide it tends towards the quantum
Zeno effect.
3.4 Conclusions
Linear and nonlinear quantum Zeno and anti-Zeno effects in a symmetric and an asymmetric
nonlinear optical couplers are rigorously investigated in the present chapter. The investigation
is performed using the linear and nonlinear Zeno parameters, which are introduced in this chap-
ter in analogy with that of the Zeno parameter introduced by us in Ref. [122]. Closed form
analytic expressions for both linear and nonlinear Zeno parameters are obtained here using the
Sen-Mandal perturbative method (introduced in Section 1.5.2). Subsequently, variation of the
Zeno parameters with respect to various quantities is investigated and the same is illustrated in
Figures 3.2-3.9. The investigation led to several interesting observations. For example, we have
observed that the analytic expressions obtained for both linear and nonlinear Zeno parameters
are same for the spontaneous case. Further, in the spontaneous case, it is observed that the tran-
sition from the quantum anti-Zeno effect to quantum Zeno effect can be achieved by increasing
the intensity of the radiation field in the linear mode of the system waveguide (cf. Figure 3.2
(b)). Similarly, a switching between the linear (nonlinear) quantum Zeno and anti-Zeno effects
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Figure 3.7: Variation in the linear Zeno parameter with the phase mismatch between the fun-
damental and second harmonic modes in the system waveguide and rescaled interaction length
in the (a) spontaneous and (b) stimulated cases are shown for Γbk = 10
−2 with α = 6, β = 4, and
δ = 0 and 1 in (a) and (b), respectively. (c) shows the dependence of the nonlinear Zeno param-
eter on the phase mismatch between the fundamental and second harmonic modes in the system
waveguide and rescaled interaction length for Γak = 10
−2, ∆kak = 1.1×10−3 and γ = 2, δ = 1 with
all the remaining values same as (a) and (b). In (d), the effect of the phase mismatch between
the fundamental and second harmonic modes in the probe waveguide and rescaled interaction
length on the nonlinear Zeno parameter is shown for ∆kbk = 10
−3 with all the remaining values
as (c).
is also observed in the stimulated case. However, it is observed that this switching can be ob-
tained just by controlling the phase of the second harmonic mode in the system waveguide in the
linear case (cf. Figures 3.2 (a) and (c)) and by controlling the phase of the nonlinear modes of
both the waveguides (cf. Figures 3.3 (a) and (c)). Here, we may note that a change in the phase
of the linear mode of the probe is equivalent to the change in the phase of the linear mode of
the nonlinear system waveguide. This kind of nature can be attributed to the symmetry present
in the system, which is evident even in the momentum operator of the system (cf. Figure 3.3
(c)). In fact, in general, we have observed that an increase in the intensity of the probe increases
quantum anti-Zeno effect, while with an increase in the intensity of the linear mode of the sys-
tem waveguide the quantum Zeno effect becomes more prominent (cf. Figures 3.2 (b) and (c)
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Figure 3.8: Variation in the linear and nonlinear Zeno parameters shown in three dimensional
plots in Figures 3.7 (a)-(d) is illustrated via equivalent contour plots. Here, all four contour
plots corresponding to Figures 3.7 (a)-(d) are obtained using the same parameters. In (a) and
(b), the yellow regions illustrate the regions for quantum anti-Zeno effect, while the blue regions
correspond to quantum Zeno effect. In (c) and (d), along with the regions of quantum Zeno and
anti-Zeno effects, variation of the magnitude of the Zeno parameters is also shown with different
colors (see the color bars in the right side of the figures).
and Figure 3.9).
For the smaller values of the linear coupling constant, a considerable amount of variation
in the photon number statistics is observed through the linear Zeno parameter. This variation is
observed to fade away as ripples with increasing interaction length for higher values of linear
coupling constant (cf. Figure 3.6 (a)). Similar but more prominent nature is observed in the
nonlinear case (cf. Figure 3.6 (b)). We have also observed that with an increase in the phase
mismatch between the fundamental and second harmonic modes in the system waveguide, a
transition from quantum Zeno effect to quantum anti-Zeno effect occurs. It can be concluded
that the transition between quantum Zeno and anti-Zeno effects is determined by the phase
relations in the system. Specifically, for the stimulated processes, the quantum Zeno effect is
related to the phase matching and quantum anti-Zeno effect to the phase mismatching. Further,
the occurrence of quantum Zeno and anti-Zeno effects and their transition can also be attributed
to the intensity of the pump mode in the system waveguide (as observed in Figures 3.2 (b) and
3.3 (b)). In addition, Figure 3.9 establishes the point that for relatively stronger fields in both
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Figure 3.9: Variation in the linear Zeno parameter in the (a) spontaneous and (b) stimulated
cases with the photon numbers of the linear modes in both the waveguides (α and β) are shown
for Γbk = 10
−2, ∆kbk = 10
−3 with γ = α2 and δ =
β
3 after rescaled interaction length kz = 1. A
similar behavior to the linear Zeno parameter is observed for the nonlinear Zeno parameter in
the stimulated case.
the probe and the linear mode of the system waveguide a transition to quantum Zeno effect
is dominant. The change in the photon number statistics of the nonlinear waveguide is more
prominent in the stimulated case compared to that in the spontaneous case of the linear and
nonlinear Zeno parameters, respectively (cf. Figure 3.7).
In brief, in this chapter, the possibility of observing quantum Zeno and anti-Zeno effects is
rigorously investigated in the symmetric and asymmetric nonlinear optical couplers, which are
experimentally realizable at ease. A completely quantum description of the primary physical
system (i.e., symmetric nonlinear optical coupler), an appropriate use of a perturbative tech-
nique which is known to perform better than the short-length method, reducibility of the results
obtained for the symmetric nonlinear optical coupler to that of the asymmetric nonlinear optical
coupler, an easy experimental realizability of the physical systems, etc., provide an edge to this
work over the existing works on quantum Zeno effect in optical couplers, where usually the use
of a complete quantum description is circumvented by considering one or more modes as strong
and/or short-length method is used to reduce computational difficulty. The approach adopted
here is also very general and can be easily extended to the study of other optical couplers and
other quantum optical systems having a similar structure of momentum operators or Hamilto-
nian as is used here. We conclude the chapter with an expectation that the experimentalists
will find this work interesting for an experimental verification, and it will be possible to find its
applicability in some of the recently proposed Zeno-effect-based schemes for quantum compu-
tation and communication. The work reported in this chapter is published in a journal [121] and
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a conference [122].
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CHAPTER 4
Quasiprobability distributions in open quantum
systems: spin systems
4.1 Introduction
A very useful concept in the analysis of the dynamics of classical systems is the notion of phase
space. A straightforward extension of this to the realm of quantum mechanics is however foiled
due to the uncertainty principle. Despite this, it is possible to construct different quasiprobability
distributions for quantum mechanical systems in analogy with their classical counterparts [11,
12, 16, 17, 220, 221]. Some of those quasiprobability distributions are already introduced in
Section 1.3.1. These quasiprobability distributions are very useful as they provide a quantum
classical correspondence and facilitate the calculation of quantum mechanical averages in close
analogy to classical phase space averages. Nevertheless, the quasiprobability distributions are
not true probability distributions as they can take negative values as well, a feature that could
be used for the identification of quantumness (or nonclassciality) in a system.
The first such quasiprobability distribution was developed by Wigner resulting in the epi-
thet Wigner function [9, 26, 222–225] in the form of Eq. (1.14). Another, very well-known,
quasiprobability distribution is the P-function (1.12) whose development was a precursor to
the evolution of the field of quantum optics (more precisely, nonclassical optics) [23, 25]. The
P-function can become singular for quantum states, a feature that promoted the development
of other quasiprobability distributions such as the Q-function [27, 226, 227] as well as further
highlighted the applicability of the Wigner function which does not have this feature. As in-
troduced previously, these quasiprobability distributions are intimately related to the operator
orderings. It is quite clear that there can be other quasiprobability distributions, apart from the
above three, depending upon the operator ordering. However, among all the possible quasiprob-
ability distributions the above three quasiprobability distributions are the most widely studied.
There exist several reasons behind the intense interest in these quasiprobability distributions.
A particularly important reason is that they can be used to identify the nonclassical (quantum)
nature of a state [228].
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In the field of quantum information [10–13, 16, 17], the atoms, in their simplest forms, are
modeled as qubits (two-level quantum systems) while studying atom-field interactions. These
two-level systems are also of immense practical importance as they can be the effective real-
izations of Rydberg atoms [229, 230]. Atomic systems are also studied in the context of the
Dicke model [231, 232], a collection of two-level atoms; in atomic traps [233], atomic interfer-
ometers [234], polarization optics [235]. Recently, interesting applications of atomic systems
have been reported in the field of quantum computation ( [236–241] and references therein)
as well as in the generation of long-distance entanglement [242]. All these evoke a question:
Whether one could have quasiprobability distributions for such atomic systems as well? Such a
question is of relevance to the present work as it is closely tied to the problem of development
of quasiprobability distributions for S U(2), spin-like (spin- j), systems. An effort to answer the
above question was made in [243], where a quasiprobability distribution on the sphere, naturally
related to the S U(2) dynamical group [244, 245], was obtained. There are by now a number of
constructions of spin quasiprobability distributions [246–250], among others.
However, another possible approach, the one adapted here, is to make use of the connection
of S U(2) geometry to that of a sphere. The spherical harmonics provide a natural basis for
functions on the sphere. This, along with the general theory of multipole operators [10, 251],
can be made use for constructing quasiprobability distributions of spin systems as the functions
of polar and azimuthal angles [252,253]. Other constructions, in the literature, of Wigner func-
tions for spin-12 systems can be found in [254,255], among others. Another concept that played
an important role in the above developments, was the atomic coherent state [256], which lead
to the definition of the atomic P-function in a close analogy to its radiation field counterpart (in
Eq. (1.12)). Another related development, following [257] where joint probability distributions
were obtained for spin-1 systems exposed to quadrupole fields, was a quasiprobability distri-
bution obtained from the Fourier inversion of the characteristic function of the corresponding
probability mass function, using the Wigner-Weyl correspondence. This can be referred to as
the characteristic function or F-function approach [258, 259].
In the present chapter, we investigate the presence of nonclassicality in a number of spin-
qubit systems including single, two, and three-qubit states of importance in the fields of quan-
tum optics and information. This would be done by analyzing the behavior of the well-known
Wigner, P, and Q quasiprobability distributions for the above mentioned spin-qubit systems.
The significance of this is rooted to the phenomena of quantum state engineering, which in-
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volves the generation and manipulation of nonclassical states [260–262]. In this context, it is
imperative to have an understanding over quantum to classical transitions, under ambient con-
ditions using open quantum system formalism [7, 14, 87, 263] introduced in Section 1.6. Such
an understanding is made possible by the present work, where investigations are done in the
presence of open system effects, both purely dephasing (decoherence) [264, 265], also known
as QND, as well as dissipation [264, 266]. We also discuss the not so well-known F-function
and specify its relation to the Wigner function. Further, in the next chapter, we will show that
the works reported in this chapter have an impact on the tomography related issues. Similar
attempt in the past was carried out in Ref. [267], where a method for quantum state reconstruc-
tion of a system of spins or qubits was proposed using the Q-function. Also, the Q-function,
studied here, can be turned to address fundamental issues such as complementarity between the
number and phase distributions [268–271], under the influence of QND and dissipative inter-
actions with their environment, as well as for phase dispersion in atomic systems [272–276].
Here, to the best of our knowledge, we provide, for the first time, a comprehensive analysis of
quasiprobability distributions for spin-qubit systems under general open system effects.
The plan of this chapter is as follows. In the next section, we will briefly discuss the
quasiprobability distributions for spin states that will be subsequently used in the rest of the
chapter, i.e., the Wigner, P, Q, and F functions. This will be followed by a study of open sys-
tem quasiprobability distributions for single-qubit states. Subsequently, we will take up the case
of some interesting two- and three-qubit states. These examples will provide an understanding
of quantum to classical transitions as indicated by the various quasiprobability distributions,
under general open system evolutions. Although quasiprobability distributions have been fre-
quently used to identify the existence of nonclassical states [8], they do not directly provide any
quantitative measure of the amount of nonclassicality. Keeping this in mind, several measures
of nonclassicality have been proposed, but all of them are seen to suffer from some limita-
tions [277]. A specific measure of nonclassicality is the nonclassical volume, which considers
the doubled volume of the integrated negative part of the Wigner function as a measure of non-
classicality [278]. In the penultimate section, we make a study of quantumness, in some of the
systems considered in this chapter, by using nonclassical volume [278]. We would then make
our conclusions.
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4.2 Quasiprobability distributions for spin systems
Here, we briefly discuss the different quasiprobability distributions, i.e., the Wigner, P, Q, and
F functions, which are subsequently used in this chapter.
4.2.1 Wigner function
Exploiting the connection between spin-like, S U(2), systems and the sphere, a quasiprobability
distribution can be expressed as a function of the polar and azimuthal angles. Thus, expanded
over a complete basis set, a convenient one being the spherical harmonics, the Wigner function
for a single spin- j state can be expressed as [252, 253]
W (θ, φ) =
(
2 j+1
4pi
)1/2 ∑
K,Q
ρKQYKQ (θ, φ) , (4.1)
where K = 0, 1, . . . , 2 j, and Q = −K,−K + 1, . . . , 0, . . . ,K − 1,K, and
ρKQ = Tr
{
T †KQρ
}
. (4.2)
Here, YKQ are the spherical harmonics and TKQ are the multipole operators given by
TKQ =
∑
m,m′
(−1) j−m (2K + 1)1/2
 j K j−m Q m′
 | j,m〉〈 j,m′|, (4.3)
where
 j1 j2 jm1 m2 m
 = (−1) j1− j2−m√2 j+1 〈 j1m1 j2m2| j−m〉 is the Wigner 3 j symbol [279], and 〈 j1m1 j2m2| j−
m〉 is the Clebsh-Gordon coefficient. The multipole operators TKQ are orthogonal to each other,
and they form a complete set with property T †KQ = (−1)Q TK,−Q. The Wigner function introduced
in Eq. (4.1) is normalized ∫
W (θ, φ) sin θdθdφ = 1,
and real W∗ (θ, φ) = W (θ, φ). Similarly, the Wigner function of a two-particle system, each with
spin- j is [252, 253, 258, 259]
W (θ1, φ1, θ2, φ2) =
(
2 j+1
4pi
) ∑
K1,Q1
∑
K2,Q2
ρK1Q1K2Q2YK1Q1 (θ1, φ1) YK2Q2 (θ2, φ2) , (4.4)
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where ρK1Q1K2Q2 = Tr
{
ρT †K1Q1T
†
K2Q2
}
. The function W (θ1, φ1, θ2, φ2) is also normalized as
∫
W (θ1, φ1, θ2, φ2) sin θ1 sin θ2dθ1dφ1dθ2dφ2 = 1.
Further, it is known that an arbitrary operator can be mapped into the Wigner function or any
other quasiprobability distribution discussed here, which enables us to obtain its expectation
value. In what follows, using the same notations we describe P, Q, and F functions for single
spin- j state and for two spin- j particles. It may be noted that all the analytic expressions for the
quasiprobability distributions given below are normalized.
4.2.2 P-function
In analogy with the P-function for continuous variable systems (cf. Eq. (1.11)), the P-function
for a single spin- j state is defined as [252, 253]
ρ =
∫
dθdφP (θ, φ) |θ, φ〉〈θ, φ| (4.5)
and can be shown to be
P (θ, φ) =
∑
K,Q
ρKQYKQ (θ, φ)
(
1
4pi
)1/2
(−1)K−Q
(
(2 j−K)!(2 j+K+1)!
(2 j)!(2 j)!
)1/2
. (4.6)
The P-function for two spin- j particles is [252, 253, 258, 259]
P (θ1, φ1, θ2, φ2) =
∑
K1,Q1
∑
K2,Q2
ρK1Q1K2Q2YK1Q1 (θ1, φ1) YK2Q2 (θ2, φ2)
× (−1)K1−Q1+K2−Q2
(
1
4pi
) ( √(2 j−K1)!(2 j−K2)!(2 j+K1+1)!(2 j+K2+1)!
(2 j)!(2 j)!
)
.
(4.7)
Here, |θ, φ〉 is the atomic coherent state [256] and can be expressed in terms of the Wigner-Dicke
states | j,m〉 as
|θ, φ〉 =
j∑
m=− j
 2 jm + j

1/2
sin j+m
(
θ
2
)
cos j−m
(
θ
2
)
e−i( j+m)φ| j,m〉. (4.8)
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4.2.3 Q-function
Similarly, the Q-function for a single spin- j state is
Q (θ, φ) =
2 j + 1
4pi
〈θ, φ|ρ|θ, φ〉 (4.9)
and can be expressed as [252, 253]
Q (θ, φ) =
∑
K,Q
ρKQYKQ (θ, φ)
(
1
4pi
)1/2
(−1)K−Q (2 j + 1)
(
(2 j)!(2 j)!
(2 j−K)!(2 j+K+1)!
)1/2
. (4.10)
Further, the normalized Q-function for two-particle system of spin- j [252, 253, 258, 259]
particles is
Q (θ1, φ1, θ2, φ2) =
∑
K1,Q1
∑
K2,Q2
ρK1Q1K2Q2YK1Q1 (θ1, φ1) YK2Q2 (θ2, φ2)
(
(2 j+1)2
4pi
)
× (−1)K1−Q1+K2−Q2
(
(2 j)!(2 j)!√
(2 j−K1)!(2 j−K2)!(2 j+K1+1)!(2 j+K2+1)!
)
.
(4.11)
4.2.4 F-function
The F-function [258, 259] is defined using the relation between Fano statistical tensors and the
state multipole operators. Specifically, for a single spin- j state, it is defined as [258, 259]
F (θ, φ) =
∑
K,Q
ρKQYKQ (θ, φ)
(
1
4pi
)1/2 1
2K
(
(2 j+K+1)!
(2 j−K)!{ j( j+1)}K
)1/2
. (4.12)
Similarly, the normalized F-function for a two-particle spin- j [258, 259] system is
F (θ1, φ1, θ2, φ2) =
∑
K1,Q1
∑
K2,Q2
ρK1Q1K2Q2YK1Q1 (θ1, φ1) YK2Q2 (θ2, φ2)
×
(
1
4pi(2K1+K2)
) (
(2 j+K1+1)!(2 j+K2+1)!
(2 j−K1)!(2 j−K2)!{ j( j+1)}K1+K2
)1/2
.
(4.13)
In brief, all the quasiprobability distributions discussed in this work are normalized to unity.
They are also real functions as they correspond to probability density functions for classical
states. The density matrix of a quantum state can be reconstructed from these quasiprobability
distributions [221]. One can also calculate the expectation value of an operator from them
[252, 253].
It would be appropriate here to make a brief comparison of the quasiprobability distribu-
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tions, discussed above, with their continuous variable counterparts discussed in Section 1.3.1.
The coherent states and thereby the displacement operator D (α), which generates the coherent
states from vacuum, plays a pivotal role in those (continuous variable) considerations. Sim-
ilarly, the multipole operators TKQ (4.3) play a pivotal role in the construction of quasiprob-
ability distributions of spin systems, discussed here. These operators are extensively used in
the study of atomic and nuclear radiation and can be shown to have properties analogous to
those of the coherent state displacement operator D (α) for usual continuous variable bosonic
systems [252, 253]. In this sense, the properties of spin quasiprobability distributions are anal-
ogous to those of their continuous variable counterparts, with the atomic coherent state playing
the role of the usual coherent state.
Before proceeding further, it would be worth noting here that for all spin-12 states (qubits),
single- or multi-qubit, the Wigner and F quasiprobability distributions are identical. Specifi-
cally, for the single-qubit case, the Wigner function is
W 1
2
(θ, φ) =
1√
2pi
∑
K,Q
MK,Q (θ, φ) ,
where MK,Q (θ, φ) = ρKQYKQ (θ, φ), while, the F function is
F 1
2
(θ, φ) =
1√
4pi
∑
K,Q
MK,Q (θ, φ)
(
(2 + K)!
3K (1 − K)!
)1/2
,
where the term inside the brackets with square root is 2 for both the values of K (i.e., 0 or 1).
Similarly, for two spin-12 states, the Wigner and F functions are
F 1
2 ,
1
2
(θ1, φ1, θ2, φ2) = 14pi
∑
K1,Q1
∑
K2,Q2
MK1Q1K2Q2 (θ1, φ1, θ2, φ2)
(
(2+K1)!(2+K2)!
3K1+K2 (1−K1)!(1−K2)!
)1/2
= 12pi
∑
K1,Q1
∑
K2,Q2
MK1Q1K2Q2 (θ1, φ1, θ2, φ2)
= W 1
2 ,
1
2
(θ1, φ1, θ2, φ2) ,
where MK1Q1K2Q2 (θ1, φ1, θ2, φ2) = ρK1Q1K2Q2YK1Q1 (θ1, φ1) YK2Q2 (θ2, φ2) , and the term in the brack-
ets is 4 for all possible values of K1 and K2. This can further be extended for higher number of
spin- 12 states.
Since the Wigner and F functions are same for spin-12 systems, we will not discuss the
evolution of the F-function further.
99
CHAPTER 4. QUASIPROBABILITY DISTRIBUTIONS IN OPEN QUANTUM
SYSTEMS: SPIN SYSTEMS
4.3 Quasiprobability distributions for single spin-12 (qubit)
states
Here, we consider single spin- 12 states, initially in an atomic coherent state, in the presence
of two different noises, i.e., QND [264, 265], which are purely dephasing, and the dissipative
SGAD [264, 266] noises. For calculating the quasiprobability distributions, we will require
multipole operators for j = 12 and m, m
′ = ±12 , giving K = 0 and 1. For K = 0, Q = 0,
and for K = 1, Q = 1, 0, and −1. Using these, the multipole operators TKQ can be obtained as
T00 = 1√2
 1 00 1
 , T11 =
 0 0−1 0
 , T10 = 1√2
 1 00 −1
 , and T1−1 =
 0 10 0
 .
4.3.1 Atomic coherent state in the QND noise
The master equation of a system interacting with a squeezed thermal bath and undergoing a
QND evolution [265] is
ρ˙nm (t) =
[
− i
~
(En − Em) + iη˙ (t)
(
E2n − E2m
)
− (En − Em)2 γ˙ (t)
]
ρnm (t) , (4.14)
where Ens are the eigenvalues of the system Hamiltonian in the system eigenbasis {|n〉}, which
here would correspond to the Wigner-Dicke states [17];
η (t) = −
∑
k
g2k
~2ω2k
sin (ωkt)
and
γ (t) = 12
∑
k
g2k
~2ω2k
coth
(
β~ωk
2
) ∣∣∣∣(eiωkt − 1) cosh (rk) + (e−iωkt − 1) sinh (rk) e2iΦk ∣∣∣∣2 .
Here, β = 1kBT , and kB is the Boltzmann constant, while rk and Φk are the squeezing parameters.
The initial density matrix for the atomic coherent state is
ρ (0) = |α, β〉〈α, β|, (4.15)
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where |α, β〉 is given by Eq. (4.8). Different terms in the density matrix (4.15) in the presence
of QND noise at time t become
ρ jm, jn (t) = e−iω(m−n)tei(~ω)
2(m2−n2)η(t)e−(~ω)
2(m−n)2γ(t)ρ jm, jn (0) , (4.16)
where
ρ jm, jn (0) = 〈 j,m|ρ (0) | j, n〉 = 〈 j,m|α, β〉〈α, β| j, n〉. (4.17)
For j = 12 , the initial density matrix,
ρ (0) =
 sin2
(
α
2
)
1
2e
−iβ sinα
1
2e
iβ sinα cos2
(
α
2
)
 , (4.18)
evolves in the presence of QND noise to become
ρ (t) =
 sin2
(
α
2
)
1
2e
−iωte−(~ω)
2γ(t)e−iβ sinα
1
2e
iωte−(~ω)
2γ(t)eiβ sinα cos2
(
α
2
)
 . (4.19)
Here, we consider the case of an Ohmic bath for which analytic expressions for γ (t), both for
zero and high temperatures, can be obtained [265]. These are functions of the bath parameters
γ0 and ωc as well as squeezing parameters r and φ, with φ = aω and a is a constant dependent
on the squeezed bath. Now, using multipole operators, mentioned above, analytic expressions
of the different quasiprobability distributions can be obtained. For example, we have obtained
the Wigner function for a qubit, starting from an atomic coherent state, in the presence of QND
noise as
W (θ, φ) = 14pi
(
1 − √3 cosα cos θ + √3e−(~ω)2γ(t) cos (β + ωt + φ) sinα sin θ
)
, (4.20)
while the corresponding P and Q functions are obtained as
P (θ, φ) = 14pi
(
1 + 3 cosα cos θ + 3e−(~ω)
2γ(t) cos (β + ωt + φ) sinα sin θ
)
(4.21)
and
Q (θ, φ) = 14pi
(
1 + cosα cos θ + e−(~ω)
2γ(t) cos (β + ωt + φ) sinα sin θ
)
, (4.22)
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Figure 4.1: (a) Variation of all quasiprobability distributions with time (t) for single spin-12
atomic coherent state in the presence of QND noise with bath parameters γ0 = 0.1, ωc = 100,
squeezing parameters r = 0, a = 0, and ω = 1.0 at temperature T = 1, and α = pi2 , β =
pi
3 , θ =
pi
3 , φ =
pi
4 , in the units of ~ = kB = 1. The smooth (blue), dashed (red), and dot-dashed (magenta)
lines correspond to the Wigner, P, and Q functions, respectively; (b) and (c) show the variation
of the Wigner and P functions with time for different temperatures T = 0, 1, and 2 by the
smooth (blue), dashed (red), and dot-dashed (magenta) lines, respectively.
respectively. All the quasiprobability distributions calculated in Eqs. (4.20)-(4.22) can be used
to get the corresponding noiseless quasiprobability distributions for the same system, and this
also serves as a nice consistency check of the calculations. Variation of the quasiprobability
distributions, Eqs. (4.20)-(4.22), for some specific values of the parameters is shown in Figures
4.1 (a)-(c), where the effect of the presence of noise on the quasiprobability distributions can
be easily observed. Both the P and Wigner functions are found to exhibit negative values–
indicative of the presence of nonclassicality in the system. Also, in Figures 4.1 (b)-(c), we can
see that with an increase in temperature T , the quasiprobability distributions tend to become
less negative, which is an indicator of a move towards classicality, as expected. Interestingly, in
Figure 4.1 (a), we do not observe any zero of the Q-function which implies that the Q-function
does not show any signature of nonclassicality in this particular case. The oscillatory nature of
the quasiprobability distributions for the atomic coherent state when subjected to QND noise
can be attributed to the purely dephasing effect of the QND interaction. Thus, this process
involves decoherence without any dissipation. At temperature T = 0, decoherence is minimal,
and hence an oscillatory pattern is observed in the depicted time scale. With increase in T ,
resulting in increase in the influence of decoherence, these oscillations gradually decrease.
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4.3.2 Atomic coherent state in the SGAD noise
Now, we take up a spin j = 12 , starting from an atomic coherent state, given by Eq. (4.18),
evolving under a SGAD channel, incorporating the effects of dissipation and bath squeezing,
and which includes the well-known AD and GAD channels as special cases. The Kraus opera-
tors of the SGAD channel are [266]
E0 =
√
p

√
1 − λ (t) 0
0 1
 ,
E1 =
√
p
 0 0√λ (t) 0
 ,
E2 =
√
1 − p

√
1 − µ (t) 0
0
√
1 − ν (t)
 ,
and
E3 =
√
1 − p
 0
√
ν (t)√
µ (t)e−iξ(t) 0
 , (4.23)
where λ = 1p
{
1 − (1 − p) [µ + ν] − exp (−γ0 (2N + 1) t)} , µ = 2N+12N(1−p) sinh2(γ0at/2)e(− γ02 (2N+1)t)sinh2(γ0(2N+1)t/2) , and
ν = N(1−p)(2N+1)
{
1 − exp (−γ0 (2N + 1) t)} . Note that, for convenience in writing the expressions,
we have omitted the time dependence in the argument of different time dependent parameters
(e.g., λ(t), µ(t), ν(t)) in the Kraus operators of SGAD noise. Here, γ0 is the spontaneous emis-
sion rate, a = sinh (2r) (2Nth + 1) , and N = Nth
{
cosh2 (r) + sinh2 (r)
}
+ sinh2 (r) , with Nth =
1/
{
exp (~ω/kBT ) − 1} being the Planck distribution. Here, r and the bath squeezing angle (ξ (t))
are the bath squeezing parameters. The analytic expression of p is p = 1− 1
(A+B−C−1)2−4D
{
A2 B+
C2 + A
[
B2 −C − B (1 + C) − D
]
± 2√D [B − AB + (A − 1) C + D] [A − AB + (B − 1) C + D] −
(B + 1) D − C (B + D − 1) } , where A = (2N+1) sinh
2
( γ0at
2
)
exp
(
− γ0(2N+1)t2
)
2N sinh
(
γ0(2N+1)t
2
) , B = N[1−exp(−γ0(2N+1)t)]2N+1 , C =
A+ B+exp (−γ0(2N + 1)t) , and D = cosh2
(
γ0at
2
)
exp (−γ0(2N + 1)t) (see [266] for detail). Note
that, quantum optical notations are used here with |+ 12〉 =
 10
 and | − 12〉 =
 01
 . Application
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of the above Kraus operators to the initial state (as introduced in Eq. (1.39)) results in
ρ (t) =
 ρ11 ρ∗21ρ21 1 − ρ11
 , (4.24)
where
ρ11 =
1
2 {1 − µ + ν − p (λ − µ + ν) + (−1 + µ + ν + p (λ − µ − ν)) cosα}
and
ρ21 =
1
2 sinα
{
(1 − p) √µνe−i(β+ξ) + p√1 − λeiβ + (1 − p) √(1 − µ) (1 − ν)eiβ} .
Using this density matrix, we can calculate the evolution of different quasiprobability distribu-
tions, in a manner similar to the previous example of evolution under QND channel, leading to
W (θ, φ) = 14pi
[
1 +
√
3 {−µ + ν − p (λ − µ + ν) + (−1 + µ + ν + p (λ − µ − ν)) cosα} cos θ
+
√
3
({
p
√
1 − λ + (1 − p) √(1 − µ) (1 − ν)} cos (β + φ)
+ (1 − p) √µν cos (β + ξ − φ)
)
sinα sin θ
]
;
(4.25)
P (θ, φ) = 14pi
[
1 − 3 {−µ + ν − p (λ − µ + ν) + (−1 + µ + ν + p (λ − µ − ν)) cosα} cos θ
+ 3
({
p
√
1 − λ + (1 − p) √(1 − µ) (1 − ν)} cos (β + φ)
+ (1 − p) √µν cos (β + ξ − φ)
)
sinα sin θ
]
;
(4.26)
and
Q (θ, φ) = 14pi
[
1 − {−µ + ν − p (λ − µ + ν) + (−1 + µ + ν + p (λ − µ − ν)) cosα} cos θ
+
({
p
√
1 − λ + (1 − p) √(1 − µ) (1 − ν)} cos (β + φ)
+ (1 − p) √µν cos (β + ξ − φ)
)
sinα sin θ
]
.
(4.27)
Variation of all the quasiprobability distributions with time for some specific values of the pa-
rameters is depicted in Figure 4.2, which incorporates the effect of both temperature and squeez-
104
CHAPTER 4. QUASIPROBABILITY DISTRIBUTIONS IN OPEN QUANTUM
SYSTEMS: SPIN SYSTEMS
  
2 4 6 8 10
t
-0.04
-0.02
0.02
0.04
0.06
Distribution FunctionsQDs   
2 4 6 8 10
t
-0.05
0.05
0.10
Distribution FunctionsQDs   
1 2 3 4 5
t
-0.05
0.05
0.10
Distribution FunctionsQDs   
Figure 4.2: Variation of all quasidistribution functions with time (t) is shown together for a
single spin- 12 atomic coherent state in the presence of the SGAD noise for zero bath squeezing
angle in the units of ~ = kB = 1, with ω = 1.0, γ0 = 0.05, and α = pi2 , β =
pi
3 , θ =
pi
2 , φ =
pi
3 . In
(a), the variation with time is shown for temperature T = 3.0 in the absence of bath squeezing,
i.e., r = 0. In (b), the effect of change in the squeezing parameter for the same temperature, i.e.,
T = 3.0, is shown by using the squeezing parameter r = 1.0, keeping all other values as same as
that used in (a). Further, in (c), keeping r = 1.0 as in (b), the temperature is increased to T = 10
to show the effect of variation in T. In (c), time is varied only up to t = 5 to emphasize the effect
of temperature. In all three plots, the smooth (blue), dashed (red), and dot-dashed (magenta)
lines correspond to the Wigner, P, and Q functions, respectively.
ing. A comparison of Figures 4.2 (a) and (b) brings out the effect of squeezing on the evolution
of quasiprobability distributions. Further, it is easily observed that with an increase in T , the
quantumness reduces. An important point to notice here, is that if we make the noise param-
eters zero, i.e., in the absence of noise, the different quasiprobability distributions given by
Eqs. (4.25)-(4.27), reduce to a form exactly equal to the corresponding noiseless quasiprobabil-
ity distributions obtained for QND evolutions (Eqs. (4.20)-(4.22)). Also, results for the GAD
channel can be obtained in the limit of vanishing squeezing, i.e., for µ (t) = 0 and λ (t) = ν (t),
while corresponding results for quasiprobability distributions under evolution of an AD chan-
nel can be obtained by further setting T = 0 and p = 1. Further, it would be apt to mention
here that the oscillatory nature of the quasiprobability distributions for an atomic coherent state
evolving under QND noise is not seen here. This is consistent with the fact that the SGAD noise
is dissipative in nature, involving decoherence along with dissipation.
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4.4 Quasiprobability distributions formulti-qubit systems un-
dergoing dissipative evolutions
We further wish to study the evolution of quasiprobability distributions for some interesting
two- and three-qubit systems under general open system dynamics. In each case, we study the
nonclassicality exhibited by the system under consideration.
4.4.1 Two qubits under dissipative evolution
In this section, we study the evolution of quasiprobability distributions, for two-qubit systems,
undergoing dissipative evolution with a vacuum bath (T = 0 and zero bath squeezing). Here,
we will make use of the results worked out in Ref. [280].
4.4.1.1 Vacuum bath
The density matrix, in the dressed state basis, can be used for calculating different quasiproba-
bility distributions. We consider the initial state with one qubit in the excited state |e1〉 and the
other in the ground state |g2〉, i.e., |e1〉 |g2〉. The two-qubit reduced density matrix is given by
ρ (t) =

ρee (t) ρes (t) ρea (t) ρeg (t)
ρ∗es (t) ρss (t) ρsa (t) ρsg (t)
ρ∗ea (t) ρ
∗
sa (t) ρaa (t) ρag (t)
ρ∗eg (t) ρ
∗
sg (t) ρ
∗
ag (t) ρgg (t)

, (4.28)
where the analytic expressions of all the elements of the density matrix are
ρee (t) = e−2Γtρee (0) ,
ρss (t) = e−(Γ+Γ12)tρss (0) +
(Γ+Γ12)
(Γ−Γ12)
(
1 − e−(Γ−Γ12)t
)
e−(Γ+Γ12)tρee (0) ,
ρaa (t) = e−(Γ−Γ12)tρaa (0) +
(Γ−Γ12)
(Γ+Γ12)
(
1 − e−(Γ+Γ12)t
)
e−(Γ−Γ12)tρee (0) ,
ρgg (t) = ρgg (0) +
(
1 − e−(Γ+Γ12)t
)
ρss (0) +
(
1 − e−(Γ−Γ12)t
)
ρaa (0)
+
[
(Γ+Γ12)
2Γ
{
1 − 2(Γ−Γ12)e−(Γ+Γ12)t
[
(Γ+Γ12)
2
(
1 − e−(Γ−Γ12)t
)
+
(Γ−Γ12)
2
]}
+
(Γ−Γ12)
(Γ+Γ12)
{(
1 − e−(Γ−Γ12)t
)
− (Γ−Γ12)2Γ
(
1 − e−2Γt
)}]
ρee (0) ,
ρes (t) = e−i(ω0−Ω12)te−
1
2 (3Γ+Γ12)tρes (0) ,
ρea (t) = e−i(ω0+Ω12)te−
1
2 (3Γ−Γ12)tρea (0) ,
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ρeg (t) = e−2iω0te−Γtρeg (0) ,
ρsa (t) = e−2iΩ12te−Γtρsa (0) ,
ρsg (t) = e−i(ω0+Ω12)te−
1
2 (Γ+Γ12)t
[
ρsg (0) +
(Γ+Γ12)
(Γ2+4Ω212)
({
2Ω12e−Γt sin (2Ω12t) + Γ
(
1 − e−Γt
× cos (2Ω12t))} + i
{
2Ω12
(
1 − e−Γt cos (2Ω12t)
)
− Γe−Γt sin (2Ω12t)
})
ρes (0)
]
,
ρag (t) = e−i(ω0−Ω12)te−
1
2 (Γ−Γ12)t
[
ρag (0) − (Γ−Γ12)(Γ2+4Ω212)
({
2Ω12e−Γt sin (2Ω12t) + Γ
(
1 − e−Γt
× cos (2Ω12t))} − i
{
2Ω12
(
1 − e−Γt cos (2Ω12t)
)
− Γe−Γt sin (2Ω12t)
})
ρea (0)
]
.
(4.29)
Here, all the matrix elements are written in the dressed state basis, which is connected with the
bare state basis by
|g〉 = |g1〉 |g2〉 ,
|s〉 = 1√
2
(|e1〉 |g2〉 + |g1〉 |e2〉) ,
|a〉 = 1√
2
(|e1〉 |g2〉 − |g1〉 |e2〉) ,
|e〉 = |e1〉 |e2〉 .
Further,
Ωi j =
3
4
√
ΓiΓ j
[
−
{
1 −
(
µˆ·rˆi j
)2} cos(k0ri j)
k0ri j
+
{
1 − 3
(
µˆ·rˆi j
)2} ( sin(k0ri j)
(k0ri j)2
+
cos(k0ri j)
(k0ri j)3
)]
,
where µˆ = µˆ1 = µˆ2 are the unit vectors along the atomic transition dipole moments, rˆi j = rˆi − rˆ j,
and k0 = ω0c with ω0 =
ω1+ω2
2 ; the spontaneous emission rate is
Γi =
ω3i µ
2
i
3pi~c3 ,
and the collective incoherent effect due to the dissipative multi-qubit interaction with the bath
is
Γi j = Γ ji =
√
ΓiΓ j F
(
k0ri j
)
,
for i , j with
F
(
k0ri j
)
= 32
[{
1 −
(
µˆ·rˆi j
)2} sin(k0ri j)
k0ri j
+
{
1 − 3
(
µˆ·rˆi j
)2} ( cos(k0ri j)
(k0ri j)2
− sin(k0ri j)
(k0ri j)3
)]
.
Further, for the case of identical qubits, as considered here, Ω12 = Ω21, Γ12 = Γ21, and Γ1 =
Γ2 = Γ. A detailed discussion can be found in Ref. [280].
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Figure 4.3: Variation of the Wigner, P, and Q functions with time is shown in (a)-(c) for the
two-qubit state, in the presence of a vacuum bath, with θ1 = pi8 , θ2 =
pi
3 , φ1 =
pi
4 , φ2 =
pi
4 with the
inter-qubit spacing r12 = 0.05 (smooth blue line), and r12 = 2.0 (dashed red line). In (d), all the
quasiprobability distributions, varying with time, are plotted together with inter-qubit spacing
r12 = 0.05. Here, the P-function is seen to be negative for all times shown, while the Wigner
function is negative only for sometime, and the Q-function is always positive.
Here, the dynamics involve collective coherent effects due to the multi-qubit interaction, as
well collective incoherent effects due to dissipative multi-qubit interaction with the bath, and
spontaneous emission. Analytic expressions of the corresponding quasiprobability distributions
are very cumbersome, hence we resort to numerically studying the quasiprobability distributions
for some parameters. Values of different parameters are as follows: the wavevector and mean
frequency k0 = ω0 = 1, the spontaneous emission rate Γ j = 0.05, and µˆ·rˆi j = 0, where µˆ is equal
to the unit vector along the atomic transition dipole moment, and rˆi j is the interatomic distance.
Considering the initial state with ρee (0) = ρgg (0) = ρes (0) = ρea (0) = ρeg (0) = ρsg (0) =
ρag (0) = 0, and ρss (0) = ρaa (0) = ρsa (0) = 0.5, the Wigner, P, and Q functions are calculated.
The variation of the different quasiprobability distributions is depicted in Figures 4.3 and
4.4. Figures 4.3 (a) and (b) show the negative values of the Wigner and P functions for some
and for all times, respectively. The Q-function exhibits a decaying pattern. These features are
reinforced in the last plot of the figure, where all the quasiprobability distributions are plotted
together. In Figure 4.4, various quasiprobability distributions are plotted with respect to the
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Figure 4.4: (a) and (b) depict the Wigner and P functions for the two-qubit state, interacting
with a vacuum bath, as a function of the inter-qubit spacing at t = 1 (smooth blue line) and
t = 5 (dashed red line). In (c) and (d), the Wigner (smooth blue line), P (dashed red line),
and Q (dot-dashed magenta line) quasiprobability distributions are plotted together, depicting
their variation with inter-qubit spacing at time t = 1 and t = 5, respectively. For all the plots
θ1 =
pi
8 , θ2 =
pi
3 , φ1 =
pi
4 , and φ2 =
pi
4 .
inter-qubit distance. In the collective regime, r12  1, the quasiprobability distributions exhibit
an oscillatory behavior, in consonance with the general behavior in this regime [280]. Also, for
the chosen parameters, the P-function is always negative, while the Wigner function is negative
for t = 1, but becomes positive for a longer time t = 5, due to the dissipative influence of the
bath.
Thereafter, we have discussed quasiprobability distributions of the same two-qubit state,
studied earlier in a dissipative interaction with a vacuum bath, evolving under the dissipative in-
fluence of a squeezed thermal bath. In this particular case, we have shown that with an increase
in T , the quasiprobability distributions, both P and Wigner, which were earlier exhibiting neg-
ative values start becoming positive, a clear indicator of a quantum to classical transition (cf.
Figure 7 of Ref. [123]). Due to increase in the temperature, the oscillations observed in the
quasiprobability distributions for the small inter-qubit spacing, corresponding to the case of in-
teraction with the vacuum bath in Figure 4.4 (d), also decrease in the scenario of interaction
with a squeezed thermal bath. Due to scarcity of space we have not included whole discussion
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here, which is available in [123].
4.4.1.2 EPR singlet state in an amplitude damping channel
Now, we take an initially entangled two-qubit, EPR singlet, state [281]. The evolution of this
state is studied assuming independent action of an AD channel on each qubit. Such a scenario
could be envisaged in a quantum memory net with the qubits being its remote components,
subjected locally to the AD noise [282]. Using Kraus operators of an AD channel obtained
from Eq. (4.23) by considering p = 1, where λ (t) = 1 − e−γ0t with γ0 as the spontaneous
emission rate. Further, assuming that the two qubits, of the singlet, are independent and do not
have any interaction, the Kraus operators for the action of the AD channels, one on each spin,
can be modeled as
K1 = E0 (A) ⊗ E0 (B) ,
K2 = E0 (A) ⊗ E1 (B) ,
K3 = E1 (A) ⊗ E0 (B) ,
K4 = E1 (A) ⊗ E1 (B) ,
where A and B stand for the first and second qubits (spins) comprising the singlet, respectively.
From the form of the Kraus operators (4.23) and assuming λA = λB = λ, we have
K1 =

1 − λ 0 0 0
0
√
1 − λ 0 0
0 0
√
1 − λ 0
0 0 0 1

,
K2 =

0 0 0 0
√
λ (1 − λ) 0 0 0
0 0 0 0
0 0
√
λ 0

,
K3 =

0 0 0 0
0 0 0 0
√
λ (1 − λ) 0 0 0
0
√
λ 0 0

,
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and
K4 =

0 0 0 0
0 0 0 0
0 0 0 0
λ 0 0 0

. (4.30)
The density matrix of the singlet state at time t, under the action of the above channel is
ρ (t) =
4∑
i=1
Ki (t) ρ (0) K
†
i (t) ,
where ρ (0) = |φ〉 〈φ|, and |φ〉 = 1√
2
(∣∣∣1
2 ,−12
〉
− ∣∣∣−12 , 12〉) , is the initial state at time t = 0.
Therefore, at time t the evolved density matrix is
ρ (t) =

0 0 0 0
0 12 (1 − λ) −12 (1 − λ) 0
0 −12 (1 − λ) 12 (1 − λ) 0
0 0 0 λ

. (4.31)
On the evolved state, represented by the above density matrix (4.31), we may now apply
the prescription for obtaining the quasiprobability distributions to yield compact analytical ex-
pressions of the quasiprobability distributions. Specifically, the Wigner function is obtained as
W (θ1, φ1, θ2, φ2) = 116pi2
[
λ
{
1 + 3 cos θ1 cos θ2 −
√
3 (cos θ1 + cos θ2)
}
+ (1 − λ) {1 − 3 cos θ1 cos θ2 − 3 sin θ1 sin θ2 cos (φ1 − φ2)}] , (4.32)
while the P-function is
P (θ1, φ1, θ2, φ2) = 116pi2 [λ {1 + 9 cos θ1 cos θ2 + 3 (cos θ1 + cos θ2)}
+ (1 − λ) {1 − 9 cos θ1 cos θ2 − 9 sin θ1 sin θ2 cos (φ1 − φ2)}] , (4.33)
and the Q-function is
Q (θ1, φ1, θ2, φ2) = 116pi2 [λ {1 + cos θ1 cos θ2 + (cos θ1 + cos θ2)}
+ (1 − λ) {1 − cos θ1 cos θ2 − sin θ1 sin θ2 cos (φ1 − φ2)}] . (4.34)
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Figure 4.5: The variation of all the quasiprobability distributions with time t for EPR singlet
state in the presence of AD channel with γ0 = 0.1 and θ1 = pi2 , θ2 =
pi
2 , φ1 =
pi
4 , φ2 =
pi
3 .
The smooth (blue), dashed (red), and dot-dashed (magenta) lines are for the Wigner, P, and Q
functions, respectively.
The quasiprobability distributions, reported here for an EPR pair (singlet state) evolving under
AD channel exactly match with the corresponding noiseless results [252, 253, 258, 259], by
setting λ = 0 in the above expressions. The variation of different quasiprobability distributions
with time is shown in Figure 4.5. The P and Wigner functions are found to show negative values
for a long time, indicative of the perfect initial entanglement in the system, and finally become
positive due to exposure to noise.
As all the quasiprobability distributions, in this case, are symmetric pairwise in (θ1 ↔ θ2)
and (φ1 ↔ φ2), hence either or both of these exchanges would leave the expressions unchanged.
For θ1 = −θ2 = pi2 , and φ1 = φ2 = 0, we observe the classically perfect anti-correlation of spins.
We can also observe that for certain angles, viz., θ1 = θ2 = pi2 , and φ1 − φ2 = npi2 , where n is an
odd integer, all the quasiprobability distributions become equal to 1
(4pi)2
, a result which remains
unaffected by the presence or absence of noise. Thus, for these settings, the evolution of the
quasiprobability distributions becomes noise independent.
We have also studied nonclassicality in a two-qubit system under QND noise using different
quasiprobability distributions, which is reported in [123], where the findings of the present
chapter are published. In that case, both the P and Wigner functions exhibited negative values,
indicative of the quantumness in the system. After initiation of the evolution the nonclassicality
decays due to dephasing caused by the bath (cf. Figure 3 of Ref. [123]). Here, due to lack of
space we have not discussed this particular case in detail.
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4.4.2 Three-qubit quasiprobability distributions evolving in an amplitude
damping channel
Three-qubit entangled states can be classified into two classes (GHZ and W classes) of quan-
tum states, such that a state of W (GHZ) class cannot be transformed to a state of GHZ (W)
class by using LOCC (local operation and classical communication). Here, we study both
GHZ [283, 284] and W [285] class of states. To simulate the effect of noise, we consider the
scenario wherein the first qubit is affected by the AD channel. An arbitrary effect of noise on
each subsystem could be thought of as more natural. The assumption of only one subsystem
affected by the AD noise is consistent with the effect of noise considered in, for example, var-
ious cryptrographic protocols ( [286] and references therein), where it is commonly assumed
that the qubits which travel through the channel are affected by noise while the channel noise
does not affect the qubits to be teleported or not traveling through it.
4.4.2.1 GHZ state in an amplitude damping channel
The GHZ (Greenberger–Horne–Zeilinger) state is a three-qubit quantum state |GHZ〉 = 1√
2
( |000〉+
|111〉 ) . The first qubit of the state is acted upon by an AD channel while the remaining two
qubits remain unaffected. Here, assuming that the three qubits are independent of each other
and do not have any interactions, the Kraus operators for the action of the AD channel only on
the first qubit, can be modeled as
K1 = E0 (A) ⊗ I (B) ⊗ I (C) ,
K2 = E1 (A) ⊗ I (B) ⊗ I (C) ,
(4.35)
where E0 and E1 are the Kraus operators for the AD channel, which can be obtained from Eq.
(4.23) as in the previous section, and I is a 2 × 2 identity matrix. Also, A, B, and C stand for
the first, second, and third qubits of the GHZ state, respectively. Thus, the density matrix of the
GHZ state at time t in the AD channel is
ρ (t) =
2
Σ
i=1
Ki (t) ρ (0) K
†
i (t) , (4.36)
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where ρ (0) = |GHZ〉 〈GHZ| , is the initial state at time t = 0. Thus, at time t the density matrix
for the GHZ state evolving in the presence of the AD channel is
ρ (t) = 12
(
(1 − λ) |000〉 〈000| + λ |100〉 〈100| + |111〉 〈111| + √(1 − λ) {|000〉 〈111| + H.c.}
)
.
(4.37)
Analytical expressions can be obtained for the different quasiprobability distributions for the
time evolved GHZ state described by Eq. (4.37). Specifically, we obtain the Wigner function as
W (θ1, φ1, θ2, φ2, θ3, φ3) = 164pi3
[
1 − √3λ cos θ1 + 3 cos θ2 cos θ3
+ 3 (1 − λ) cos θ1 (cos θ2 + cos θ3) − 3
√
3 {λ cos θ1 cos θ2 cos θ3
− √(1 − λ) sin θ1 sin θ2 sin θ3 cos (φ1 + φ2 + φ3)
}]
,
(4.38)
while the P-function is
P (θ1, φ1, θ2, φ2, θ3, φ3) = 164pi3 [1 + 3λ cos θ1 + 9 cos θ2 cos θ3
+ 9 (1 − λ) cos θ1 (cos θ2 + cos θ3) + 27 {λ cos θ1 cos θ2 cos θ3
− √(1 − λ) sin θ1 sin θ2 sin θ3 cos (φ1 + φ2 + φ3)
}]
,
(4.39)
and the Q-function is
Q (θ1, φ1, θ2, φ2, θ3, φ3) = 164pi3 [1 + λ cos θ1 + cos θ2 cos θ3
+ (1 − λ) cos θ1 (cos θ2 + cos θ3) + λ cos θ1 cos θ2 cos θ3
− √(1 − λ) sin θ1 sin θ2 sin θ3 cos (φ1 + φ2 + φ3)
]
.
(4.40)
The variation of different quasiprobability distributions, as in Eqs. (4.38)-(4.40), with time
is illustrated, for a particular choice of the parameters, in Figure 4.6 (a). The Wigner and P
functions exhibit negative values (nonclassical character) for the times shown, which could be
attributed to the initial entanglement in the state. Further, for the sake of generality, we depict
in Figure 4.6 (b) the scenario wherein all three qubits are affected by the GAD noise [266],
which can be obtained from Eq. (4.23) by setting the bath squeezing parameters to zero. All
three qubits are subjected to different temperatures corresponding to independent environment
for each qubit and simulates the scenario where each qubit travels through an independent
channel. It can be observed that the nonclassicality indicated by the negativity of the Wigner
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Figure 4.6: Variation of all quasiprobability distributions with time for the GHZ state when
acted upon by (a) an AD noise on the first qubit and (b) a GAD noise on each qubit, with
γ0 = 0.1 and θ1 = pi2 , θ2 =
pi
2 , θ3 =
pi
2 , φ1 =
pi
4 , φ2 =
pi
3 , φ3 =
pi
6 . In (b), different quasiprobability
distributions are shown for ω = 1.0 with the first, second, and third qubits subjected to GAD
noise at T = 0, 1, and 2, respectively. In both the plots, the smooth (blue), dashed (red), and
dot-dashed (magenta) lines are for the Wigner, P, and Q functions, respectively.
and P functions at t = 0 decays more rapidly when the last two qubits are subjected to finite
temperature noises.
4.4.2.2 W state in an amplitude damping channel
For our second example of quasiprobability distributions of three-qubit states, we take up the
W state, |W〉 = 1√
3
(|001〉 + |010〉 + |100〉) . As before, we consider the evolution where only the
first qubit of the state is acted upon by an AD channel. The Kraus operators, describing the
evolution are given by Eq. (4.35). Here, as in the case of GHZ or EPR states, assuming that the
three qubits are independent of each other and do not have any interactions, the density matrix
of the evolved state is, as in the last case, given by Eq. (4.36), where ρ (0) = |W〉 〈W | , is the
initial state at time t = 0. Therefore, at time t, the W state evolves, in the presence of the AD
channel, to
ρ (t) = 13 ((1 − λ) {|001〉 〈001| + |010〉 〈010|} + λ {|101〉 〈101| + |110〉 〈110|} + |100〉 〈100|
+
{√
(1 − λ) (|001〉 〈100| + |010〉 〈100|) + (1 − λ) |001〉 〈010| + λ |101〉 〈110| + H.c.
})
.
(4.41)
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In this case, again, making use of Eq. (4.41), analytical forms of the different quasiprobability
distributions can be obtained as follows
W (θ1, φ1, θ2, φ2, θ3, φ3) = 164pi3 [1 − (cos θ1 cos θ2 + cos θ2 cos θ3 + cos θ1 cos θ3)
+
√
3
3 (cos θ1 + cos θ2 + cos θ3) − 3
√
3 cos θ1 cos θ2 cos θ3
+ 2
(
1 +
√
3 cos θ1
)
sin θ2 sin θ3 cos (φ2 − φ3)
+ 2
√
(1 − λ)
{(
1 +
√
3 cos θ2
)
sin θ1 sin θ3 cos (φ1 − φ3)
+
(
1 +
√
3 cos θ3
)
sin θ1 sin θ2 cos (φ1 − φ2)
}
+ 4
√
3λ cos θ1
{
−13 + cos θ2 cos θ3 − sin θ2 sin θ3 cos (φ2 − φ3)
}]
,
(4.42)
P (θ1, φ1, θ2, φ2, θ3, φ3) = 164pi3 [1 − 3 (cos θ1 cos θ2 + cos θ2 cos θ3 + cos θ1 cos θ3)
− (cos θ1 + cos θ2 + cos θ3) + 27 cos θ1 cos θ2 cos θ3
+ 6 (1 − 3 cos θ1) sin θ2 sin θ3 cos (φ2 − φ3)
+ 6
√
(1 − λ) {(1 − 3 cos θ2) sin θ1 sin θ3 cos (φ1 − φ3)
+ (1 − 3 cos θ3) sin θ1 sin θ2 cos (φ1 − φ2)}
+ 4λ cos θ1 {1 − 9 cos θ2 cos θ3 + 9 sin θ2 sin θ3 cos (φ2 − φ3)}] ,
(4.43)
and
Q (θ1, φ1, θ2, φ2, θ3, φ3) = 1192pi3 [3 − (cos θ1 cos θ2 + cos θ2 cos θ3 + cos θ1 cos θ3)
− (cos θ1 + cos θ2 + cos θ3) + 3 cos θ1 cos θ2 cos θ3
+ 4 sin θ
2
1
2 sin θ2 sin θ3 cos (φ2 − φ3) + 4
√
(1 − λ) sin θ1
×
{
sin θ
2
2
2 sin θ3 cos (φ1 − φ3) + sin θ2 sin
θ23
2 cos (φ1 − φ2)
}
+ 4λ cos θ1 {1 − cos θ2 cos θ3 + sin θ2 sin θ3 cos (φ2 − φ3)}] .
(4.44)
The variation of quasiprobability distributions with time is shown in Figure 4.7 (a) for a par-
ticular choice of the parameters. Here, the P-function exhibits negative values for the times
shown, but in contrast to the GHZ case, the Wigner function is found to be positive. Thus, the
signature of quantumness (nonclassicality) of the state is identified by the P-function, but the
Wigner function fails to detect the same. Similar to the quasiprobability distributions of the
GHZ state in the presence of GAD noise, a decrease in the nonclassicality of the W state with
time can be observed due to the effect of noise on the last two qubits at non-zero temperatures
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Figure 4.7: (a) Variation of the quasiprobability distributions with time for the W state in the
presence of an AD channel, acting only upon the first qubit, with γ0 = 0.1 and θ1 = pi4 , θ2 =
pi
6 , θ3 =
pi
3 , φ1 =
pi
8 , φ2 =
pi
4 , φ3 =
pi
6 . (b) The quasiprobability distributions for the W state, when
all the qubits are subjected to GAD noise, with ω = 1.0 and T = 0, 1, and 2 for the first, second,
and third qubits, respectively. The remaining values of the parameters in (b) are same as in (a).
The smooth (blue), dashed (red), and dot-dashed (magenta) lines correspond to the Wigner, P,
and Q functions, respectively.
(cf. Figure 4.7 (b)).
4.5 Nonclassical volume
Till now, we have studied nonclassicality using the negative values of the Wigner or P function.
The negative values of the quasiprobability distributions only provide a signature of nonclassi-
cality, but they do not provide a quantitative measure of nonclassicality. There do exist some
quantitative measures of nonclassicality, see for example, [277] for a review. One such measure
is nonclassical volume introduced in [278]. In this approach, the doubled volume of the inte-
grated negative part of the Wigner function of a given quantum state is used as a quantitative
measure of the quantumness [278]. Using our knowledge of the Wigner functions for various
systems, studied here, the nonclassical volume δ, which is defined as
δ =
∫
|W (θ, φ)| sin θdθdφ − 1, (4.45)
can be computed. It can be easily observed that a nonzero value of δ would imply the existence
of nonclassicality, but this measure is not useful in measuring inherent nonclassicality in all
quantum states. This is so because, the Wigner function is only a witness of nonclassicality
(it does not provide a necessary condition). However, this measure of nonclassicality has been
used in a number of optical systems, see for example, [287, 288] and references therein.
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Figure 4.8: Variation of the nonclassical volume in the presence of different noises. (a) The
variation of the nonclassical volume with time is shown for the single spin-12 atomic coherent
state in the presence of the QND noise with γ0 = 0.1, r = 0, a = 0, ωc = 100, ω = 1.0, and
α = pi2 , β =
pi
3 , in the units of ~ = kB = 1, where the smooth (blue), dashed (red), and dot-
dashed (magenta) lines correspond to different temperatures T = 0, 1, and 2, respectively. (b)
The variation of the nonclassical volume with time is shown for a single spin- 12 atomic coherent
state in a SGAD channel, where the smooth (blue) line corresponds to the variation in the
nonclassical volume in a vacuum bath, i.e., at T = 0 and squeezing parameters r = ξ = 0 (AD
channel); the dashed (red) line corresponds to the variation in a channel with zero squeezing at
T = 3, i.e., GAD channel, and the dot-dashed (magenta) line corresponds to the variation with
squeezing r = 1, squeezing angle ξ = 0, and T = 3. In all these cases, α and β have the same
values as in (a). (c) The behavior of the nonclassical volume with time is depicted in a vacuum
bath for the state discussed in Section 4.4.1.1 with the inter-qubit spacing r12 = 0.05 (smooth
blue line) and r12 = 2.0 (red dashed line).
Here, we will illustrate the time evolution of δ for some of the spin-qubit systems, studied
above. Specifically, Figures 4.8 (a) and (b) show the variation of δ for two spin- 12 systems,
initially in an atomic coherent state under the influence of QND and SGAD channels, respec-
tively. Figure 4.8 (c) shows two spin- 12 states in a two-qubit vacuum bath. The dashed and
dot-dashed lines in Figures 4.8 (a) and (b), i.e., for the atomic coherent state in QND noise with
a finite temperature and in SGAD channels with a finite temperature and squeezing, exhibit an
exponential reduction of the nonclassical volume with time implying a quick transition from
nonclassical to classical states, whereas the smooth lines in Figures 4.8 (a) and (b) (when tem-
perature and squeezing parameters are taken to be zero) show that after an initial reduction, the
nonclassical volume stabilizes over a reasonably large duration. Thus, nonclassicality does not
get completely destroyed with time. A similar nature of the time evolution of δ is also observed
for the dashed line in Figure 4.8 (c) (a two-qubit state in a vacuum bath with a relatively large
inter-qubit spacing), whereas an oscillatory nature is observed for a small inter-qubit spacing,
depicted here by a smooth line. It should be noted that the smooth blue line in Figure 4.8 (b) cor-
responds to the nonclassical volume for an atomic coherent state dissipatively interacting with
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a vacuum bath, i.e., at zero temperature and squeezing, while the Wigner function of the atomic
coherent state, illustrated in Figure 4.2, is for non-zero temperature and squeezing. At zero tem-
perature, the nonclassicality present in the system is expected to survive for a relatively longer
period of time. Further, the nonclassical volume is the overall contribution in nonclassicality
from all values of θ and φ. It is possible that the Wigner function shown for a particular value
of θ and φ, in the previous sections, may not exhibit nonclassical behavior at time t whereas
the other possible values provide a finite contribution to the nonclassical volume, resulting in a
nonvanishing δ.
4.6 Conclusions
The nonclassical nature of all the systems studied here, of relevance to the fields of quantum
optics and information, is illustrated via their quasiprobability distributions as a function of the
time of evolution as well as various state or bath parameters. We also provide a quantitative idea
of the amount of nonclassicality observed in some of the systems studied using a measure which
essentially makes use of the Wigner function. These issues assume significance in questions
related to quantum state engineering, where the central point is to have a clear understanding
of coherences in the quantum mechanical system being used. Thus, it is essential to have an
understanding over quantum to classical transitions, under ambient conditions. This is made
possible by the present work, where a comprehensive analysis of quasiprobability distributions
for spin-qubit systems is made under general open system effects, including both pure dephasing
as well as dissipation, making it relevant from the perspective of experimental implementation.
Along with the well-known Wigner, P, and Q quasiprobability distributions, we also discuss
the so called F-function and specify its relation to the Wigner function. We expect this work
to have an impact on issues related to state reconstruction, in the presence of decoherence and
dissipation. These quasiprobability distributions also play an important role in the fundamental
issues such as complementarity between number and phase distributions as well as for phase
dispersion in atomic systems. It is interesting to note that in [289], a connection was established
between the negative values of a particular quasiprobability distribution and the potential for
quantum speed-up. The present study can be of use to probe this connection deeper. In this
chapter, we have not included the quasiprobability distributions obtained for a spin-1 and N-
qubit Dicke model, which were part of Ref. [123], where the findings of the present chapter are
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published. The next chapter deals with the probability distribution, which is directly measurable
in experiment, and is often used to reconstruct the quasiprobability distributions discussed in
the present chapter.
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Tomograms for open quantum systems: Optical
and spin systems
5.1 Introduction
A quantum state can be characterized by a number of probability and quasiprobability distribu-
tion functions [290]. The quasiprobability distributions, as discussed previously in Section 1.3.1
and Chapter 4, are not true probability distributions as most of them can have negative values.
Interestingly, this nonpositivity can be viewed as a signature of nonclassicality or quantum-
ness. As there does not exist any straightforward prescription for direct measurement of these
quasiprobability distributions, several efforts have been made to construct measurable probabil-
ity distributions that can be used to uniquely construct either all or some of these quasiprob-
ability distributions. Such measurable probability distributions are referred to as tomograms
[287, 291–293]. In other words, a tomogram is a scheme for measuring a quantum state by
using a representation in one-to-one correspondence with the probability distribution [294]. A
relationship between a tomogram and a quasidistribution function, such as the Wigner function,
can be established for both continuous and discrete variable systems [37,249,295]. Specifically,
in Ref. [37], it was shown that quasiprobability distributions (P, Q, and Wigner functions) can
be uniquely determined in terms of the probability distributions for the rotated quadrature phase
which can be viewed as an optical tomogram of the state. Similarly, in Refs. [249, 295], it was
shown that for finite dimensional phase states, discrete Wigner functions and tomograms are
connected by a discretization of the continuous variable Radon transformation and was referred
to as the Plato transformation.
In the recent past, a few successful attempts have been made to measure the Wigner function
directly in experiments [296,297], but the methods adopted were state specific. The same limi-
tation is also present in the theoretical proposals [297] for the measurement of Wigner function.
Further, optical homodyne tomography has been employed for the experimental measurement
of the Wigner functions of vacuum and squeezed states in [297, 298], while distributions corre-
sponding to Pegg-Barnett and Susskind-Glogower phase operators were also obtained in [298].
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An experimental measurement of the P, Q, and Wigner quantum phase distributions for the
squeezed vacuum state has been reported in [299]. Precision of homodyne tomography tech-
nique was compared with the conventional detection techniques in [300]. A number of alter-
native methods of tomography have also been proposed [301–303] and exploited to obtain the
phase distributions, like the Wigner and Q functions [304]. Further, in [305], continuous vari-
able quantum state tomography was reviewed from the perspective of quantum information. In
brief, various facets of quasiprobability distributions have been studied in the recent past, but
there does not exist any general prescription for the direct experimental measurement of the
Wigner function and other quasidistribution functions. In practice, to detect the nonclassicality
in a system the Wigner function is obtained either by photon counting or from experimentally
measured tomograms [297]. Thus, tomograms are very important for the identification of non-
classical character(s) of a physical system. In another line of studies, simulation of quantum
systems have been performed using tomography. For example, tomograms have been used for
the simulation of tunneling [306–308] and multi-mode quantum states [309]. Attempts have
also been made to understand the tomogram via path integrals [310, 311].
Furthermore, how to reconstruct a quantum state from experimentally measured values is
of prime interest for both quantum computation [296] and communication [312]. Specifically,
in Ref. [296], it is strongly established that tomography and spectroscopy can be interpreted
as dual forms of quantum computation; and in Ref. [312], quantum teleportation was exper-
imentally performed over a distance of 143 km and the quality of teleportation was verified
with the help of quantum process tomography of quantum teleportation without feed-forward.
Here, it would be apt to note that quantum process tomography employs quantum state tomog-
raphy in which a quantum process is obtained as a CPTP map [313–315]. In the recent past,
quantum process tomography has been discussed from the perspective of open quantum system
effects [316–319]. A novel method of complete experimental characterization of quantum op-
tical processes was introduced in [320]. It was further developed in [321, 322] and extended to
the characterization of N-modes in [323]. In [324], quantum process tomography was applied
to the characterization of optical memory based on electromagnetically induced transparency,
while [325] and [326] were devoted to the quantum process tomography of the electromagnetic
field and conditional state engineering, respectively. Quantum state tomography has its applica-
tions in quantum cryptography as well [327]. Specifically, in Ref. [327], an interesting protocol
of quantum cryptography was proposed in which eavesdropping in the quantum channel was
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checked by requiring consistency of the outcome of the tomography with the unbiased noise
situation. Keeping these facts in mind, we aim to construct tomograms for a number of phys-
ical systems of practical relevance (mostly having applications in quantum computation and
communication) and investigate the effects of various types of noise on them.
From the experimental perspective, a quantum state always interacts with its surroundings.
Thus, the evolution of the corresponding tomogram should be analyzed after considering the
interaction of the quantum state with its environment. This can be achieved with the open
quantum system formalism [7,14,87,263], introduced in Section 1.6 and used already in Chapter
4. Specifically, both purely dephasing (QND) [265] and dissipative [266] open quantum system
effects have been studied here.
Here, we set ourselves the task of obtaining the tomograms for various finite and infinite
dimensional quantum systems in different open quantum system scenarios. For the finite di-
mensional spin states, a tomogram is the distribution function of the projections of the spin
on an arbitrary axis, characterized by the Euler angles, and can be obtained from the diago-
nal elements of the rotated density matrix, while for the continuous variable systems, such as
the radiation field, the analog would be the homodyne probability. It follows from the general
group theoretical arguments that, making use of the unitary irreducible square integrable rep-
resentation of the tomographic group under consideration, a unified tomographic prescription
can be developed for both finite dimensional and continuous variable systems [328]. Tomo-
grams for spin states have been developed as projections on an arbitrary axis [329] as well as
by using a discrete variable analog of symplectic tomography [330]. Tomograms of optical
systems have been well studied in the past [37,291,305,331,332]. In Ref. [333], quantum state
tomography was used to determine the degree of non-Markovianity in an open system. Further,
thermal noise is used in tomography (for reconstruction of the photon number distributions) as
a probe [334]. Interesting results reported in these studies have motivated us to systematically
investigate the tomograms for both finite (spin) and infinite dimensional (harmonic oscillator)
quantum systems. In fact, in what follows, we will report the evolution of tomograms for the
single- and two-qubit states and the harmonic oscillator affected due to interaction with the
surroundings.
The rest of this chapter is organized as follows. In Section 5.2, tomograms of single spin-
1
2 (qubit) atomic coherent states under purely dephasing (QND) and dissipative evolution are
obtained. Further, the tomogram of two spin-12 (qubit) quantum state is studied in Section 5.3
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under the influence of a vacuum bath. In Section 5.4, we discuss the tomogram of an infinite
dimensional system, the ubiquitous dissipative harmonic oscillator. We conclude the chapter in
Section 5.5.
5.2 Tomograms of single spin-12 (qubit) states
In this section, we study the tomograms for single spin- 12 (qubit) atomic coherent states evolving
under two general noise models, i.e., pure dephasing (QND) and dissipative SGAD evolution,
incorporating the effects of dissipation, decoherence, and bath squeezing.
5.2.1 QND Evolution
The master equation of a quantum state under QND evolution [265] is introduced as Eq. (4.14)
in Section 4.3.1 while obtaining the quasiprobability distributions for a single-qubit state in the
QND channel. Considering the initial state of the system as atomic coherent state (4.8), we
obtain the evolved quantum state in QND noise as Eq. (4.19).
Further, the tomogram of a spin- j state can be expressed as [293]
ω
(
m1, α˜, β˜, γ˜
)
=
j∑
m=− j
j∑
m′=− j
D( j)m1,m
(
α˜, β˜, γ˜
)
ρ
( j)
m,m′D
( j)∗
m1,m′
(
α˜, β˜, γ˜
)
, (5.1)
where D( j)m,m′
(
α˜, β˜, γ˜
)
is the Wigner D-function
D( j)m,m′
(
α˜, β˜, γ˜
)
= e−imα˜d( j)m,m′
(
β˜
)
e−im
′γ˜ , (5.2)
and the notation used here is consistent with that in Ref. [279]. Here, α˜, β˜, and γ˜ are the Euler
angles ≡ φ , θ, and ψ, with φ, ψ ∈ [0, 2pi] and θ ∈ [0, pi], and
d( j)m,m′
(
β˜
)
=
[
( j+m)!( j−m)!
( j+m′)!( j−m′)!
]1/2 (
cos β˜2
)m+m′ (
sin β˜2
)m−m′
P(m−m
′,m+m′)
j−m
(
cos β˜
)
, (5.3)
where P(a,b)n (x) are Jacobi polynomials. A tomogram is the spin projection onto an arbitrary, ro-
tated, axis. The physical significance of the D-function can be visualized through its connection
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to the process of rotation and can be illustrated by
〈 j,m1|R
(
α˜, β˜, γ˜
)
| j,m′1〉 = D( j)m1,m′1
(
α˜, β˜, γ˜
)
,
〈 j,m′2|R†
(
α˜, β˜, γ˜
)
| j,m1〉 = D∗( j)m1,m′2
(
α˜, β˜, γ˜
)
.
(5.4)
Here, R
(
α˜, β˜, γ˜
)
stands for the operation of rotation about an axis whose orientation is specified
by α˜, β˜, and γ˜.Using the different values of m and m′, we can obtain various Wigner D-functions
as
D(1/2)1
2 ,− 12
(
α˜, β˜, γ˜
)
= − sin
 β˜2
 e− i2 (α˜−γ˜), (5.5a)
D(1/2)1
2 ,
1
2
(
α˜, β˜, γ˜
)
= cos
 β˜2
 e− i2 (α˜+γ˜), (5.5b)
D(1/2)− 12 ,− 12
(
α˜, β˜, γ˜
)
= cos
 β˜2
 e i2 (α˜+γ˜), (5.5c)
D(1/2)− 12 , 12
(
α˜, β˜, γ˜
)
= sin
 β˜2
 e i2 (α˜−γ˜). (5.5d)
Using Eqs. (5.5a)-(5.5b) and Eq. (4.19), the first component of the tomogram can be obtained
from Eq. (5.1) as
ω
(
1
2 , α˜, β˜, γ˜
)
≡ ω1 = cos2
(
β˜
2
)
− cos β˜ cos2
(
α
2
)
− 12 sin β˜ sinα cos (ωt + β + γ˜) e−(~ω)
2γ(t).
(5.6)
From Eq. (5.6), it can be inferred that the tomogram is free from the Euler angle α˜, and con-
sequently is a function of β˜ and γ˜ only, or f (β˜, γ˜). It is worth mentioning here that γ˜ and γ (t)
are two different parameters, the former being an Euler angle while the latter is responsible
for decoherence. Variation of the tomogram with time is shown in Figure 5.1, for the different
values of temperature. For the second component of the tomogram with m1 = −12 , using Eqs.
(5.5c)-(5.5d) and substituting Eq. (4.19) in Eq. (5.1), we obtain
ω
(
−12 , α˜, β˜, γ˜
)
≡ ω2 = cos2
(
β˜
2
)
− cos β˜ sin2
(
α
2
)
+ 12 sin β˜ sinα cos (ωt + β + γ˜) e
−(~ω)2γ(t).
(5.7)
We can check the validity of the tomogram obtained by verifying that
∑
ωi = ω1 + ω2 = 1.
Interestingly, we can see that the knowledge of one of the components of the tomogram is
enough to reconstruct the whole state. Keeping this in mind, we have only shown the variation
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Figure 5.1: Variation of the tomogram with time (t) for single spin- 12 atomic coherent state in
the presence of QND noise with bath parameters γ0 = 0.1, ωc = 100, squeezing parameters
r = 0, a = 0, and ω = 1.0, and α = pi2 , β =
pi
3 , β˜ =
pi
3 , γ˜ =
pi
4 , in the units of ~ = kB = 1. The
smooth (blue), dashed (red), and dot-dashed (magenta) lines correspond to the evolution of the
tomogram with time for different values of temperature T = 0, 1, and 2, respectively.
of ω1 in Figure 5.1 as ω2 = 1 − ω1.
In Figure 5.1, we can easily see the expected behavior of tomogram with increase in temper-
ature for zero bath squeezing. Specifically, with increase in temperature, the tomogram tends
to randomize more quickly towards probability 1/2. Figure 5.2 further establishes the effect of
the environment on the tomogram. Particularly, Figure 5.2 (b) brings out the oscillatory nature
of the tomogram with time, while temperature tends to randomize it. Similarly, Figures 5.2 (a)
and (c) show the dependence of the tomogram on the Euler angles and the atomic coherent state
parameters, respectively.
5.2.2 Dissipative SGAD channel
Master equation for the dissipative evolution of a given state in the SGAD channel is given
by [266]
d
dtρ
s (t) = − iω2
[
σz, ρ
s (t)
]
+ γ0 (N + 1)
{
σ−ρs (t)σ+ − 12σ+σ−ρs (t) − 12ρs (t)σ+σ−
}
+ γ0N
{
σ+ρ
s (t)σ− − 12σ−σ+ρs (t) − 12ρs (t)σ−σ+
}
− γ0Mσ+ρs (t)σ+ − γ0M∗σ−ρs (0)σ−.
(5.8)
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Figure 5.2: The dependence of the tomogram on various parameters is depicted for single spin-
1
2 atomic coherent state in the presence of QND noise with the bath parameters γ0 = 0.1, ωc =
100, squeezing parameter a = 0 and ω = 1.0 in the units of ~ = kB = 1. In (a), the tomogram
is shown as a function of β˜ and γ˜ with α = pi2 , β =
pi
3 , and r = t = T = 1; while (b) exhibits the
variation of the tomogram with time and temperature for r = 0 and α = pi2 , β =
pi
3 , β˜ =
pi
3 , γ˜ =
pi
4 .
(c) shows the dependence of the tomogram on the atomic coherent state parameters α and β
with β˜ = pi3 , γ˜ =
pi
4 at time t = 1 for bath squeezing parameter r = 1 at T = 1.
The density matrix for a quantum state under a dissipative SGAD channel at time t can be
obtained, from the above equation, as
ρs (t) = 14ρ
s (0) f+ + 14σzρ
s (0)σz f− − 14ρs (0)σzg− − 14σzρs (0) g+ − γ0 sinh(α
′t)
α′ e
− γβt2
× {Mσ+ρs (0)σ+ + M∗σ−ρs (0)σ−} +
(
1 − e−γβt
) {
γ+
γβ
σ−ρs (0)σ+ +
γ−
γβ
σ+ρ
s (0)σ−
}
,
(5.9)
where f± =
{
1 + e−γ
βt ± 2 cosh (α′t) e− γβt2
}
, g± =
{
γ
γβ
(
1 − e−γβt
)
± 2iω
α′ sinh (α
′t) e−
γβt
2
}
, γ+ =
γ0 (N + 1), γ− = γ0N, γβ = γ+ + γ−, γ = γ+ − γ− = γ0, α′ =
√
γ20 |M|2 − ω2; and
σ+ = |1〉〈0|, σ− = |0〉〈1|,
σz = σ+σ− − σ−σ+
= |1〉〈1| − |0〉〈0|
= |e〉〈e| − |g〉〈g|.
Also,
σz|g〉 = −|g〉, σz|e〉 = |e〉;
σ+|g〉 = |e〉, σ+|e〉 = 0;
σ−|g〉 = 0, σ−|e〉 = |g〉.
Here, γ0 is the spontaneous emission rate, M = −12 {2Nth + 1} exp (iφ) sinh (2r), and N =
Nth
{
cosh2 (r) + sinh2 (r)
}
+ sinh2 (r) , where Nth = 1/
{
exp (~ω/kBT ) − 1} being the Planck dis-
tribution, and r and bath squeezing angle φ are the bath squeezing parameters. The initial state,
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as for the tomogram of a quantum state under QND evolution, is the atomic coherent state given
in Eq. (4.8). Using Eq. (5.9), the density matrix can be written as
ρs (t) =
 〈 12 |ρs (t) | 12〉 〈 12 |ρs (t) | − 12〉〈−12 |ρs (t) | 12〉 〈− 12 |ρs (t) | − 12〉
 , (5.10)
where the various terms are
〈12 |ρs (t) |12〉 = sin2
(
α
2
)
e−γ
βt +
γ−
γβ
(
1 − e−γβt
)
,
〈12 |ρs (t) | − 12〉 = 12 sinα
[{
cosh (α′t) − iω
α′ sinh (α
′t)
}
e−iβ − γ0 M
α′ sinh (α
′t) eiβ
]
e−
γβt
2 ,
〈−12 |ρs (t) | 12〉 = 12 sinα
[{
cosh (α′t) + iω
α′ sinh (α
′t)
}
eiβ − γ0 M∗
α′ sinh (α
′t) e−iβ
]
e−
γβt
2 ,
〈− 12 |ρs (t) | − 12〉 = cos2
(
α
2
)
e−γ
βt +
γ+
γβ
(
1 − e−γβt
)
,
and the density matrix can be seen to be normalized as
1/2∑
m=−1/2
〈m|ρs (t) |m〉 = 1.
The tomogram of a state evolving in a dissipative SGAD channel, in analogy to the QND
case, can be obtained in the basis set formed by the Wigner-Dicke states. Using Eq. (5.1), Eqs.
(5.5a)-(5.5b), and Eq. (5.10), the first component of the tomogram is obtained as
ω
(
1
2 , α˜, β˜, γ˜
)
≡ ω1 = sin2
(
β˜
2
) {
cos2
(
α
2
)
e−γ
βt +
γ+
γβ
(
1 − e−γβt
)}
+ cos2
(
β˜
2
) {
sin2
(
α
2
)
e−γ
βt
+
γ−
γβ
(
1 − e−γβt
)}
− 12 sin β˜
{
e−i˜γ
[
1
2 sinαe
−iβe−
γβt
2 {cosh (α′t)
− iω
α′ sinh (α
′t)
}
− γ0 M2α′ sinα sinh (α′t) eiβe−
γβt
2
]
+ c.c.
}
.
(5.11)
Again, we can check the validity of the analytic expression of the tomogram in the absence
of the open system effects, i.e., by considering γ0 = γ = 0, γ+ = γ− = 0 = γβ, which leads to
α′ = iω, we have
ω
(
1
2 , α˜, β˜, γ˜
)
= cos2
(
β˜
2
)
− cos β˜ cos2
(
α
2
)
− 12 sin β˜ sinα cos (ωt + β + γ˜) , (5.12)
which is identical to the QND case, i.e., Eq. (5.6), with γ (t) = 0. Similarly, using Eq. (5.1),
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Eqs. (5.5c)-(5.5d), and Eq. (5.10), we obtain the second component as
ω
(
−12 , α˜, β˜, γ˜
)
≡ ω2 = cos2
(
β˜
2
) {
cos2
(
α
2
)
e−γ
βt +
γ+
γβ
(
1 − e−γβt
)}
+ sin2
(
β˜
2
) {
sin2
(
α
2
)
e−γ
βt
+
γ−
γβ
(
1 − e−γβt
)}
+ 12 sin β˜
{
e−i˜γ
[
1
2 sinαe
−iβe−
γβt
2 {cosh (α′t)
− iω
α′ sinh (α
′t)
}
− γ0 M2α′ sinα sinh (α′t) eiβe−
γβt
2
]
+ c.c.
}
.
(5.13)
Similar to the first tomogram over the dissipative SGAD channel, we can check the solution
in the absence of the open system effects which leads to α′ = iω. This can be seen to be the
same as the corresponding QND case, i.e., Eq. (5.7), with γ (t) = 0, as
ω
(
−12 , α˜, β˜, γ˜
)
= cos2
(
β˜
2
)
− cos β˜ sin2
(
α
2
)
+ 12 sin β˜ sinα cos (ωt + β + γ˜) . (5.14)
We can also check the validity of the tomogram as in the QND case by verifying that
∑
ωi =
ω1 + ω2 = 1. Therefore, as before, one component of the tomogram would be sufficient to
recover all the information. This is why, in the plots, we only show the first component of the
tomogram. The other component can be easily obtained from that.
The variation of tomogram with different parameters is shown in Figures 5.3 and 5.4. Fig-
ure 5.3 exhibits the randomization of the tomogram with increase in temperature. This fact can
be observed in the smooth (blue) and dashed (red) lines. However, an interesting behavior is
observed here with respect to the bath squeezing. It can be seen that it takes relatively longer to
randomize the tomogram in the presence of squeezing than in its absence, temperature remain-
ing the same, as illustrated by a comparison between the dot-dashed (magenta) and dashed (red)
lines. This fact, in turn, establishes that squeezing is a useful quantum resource. This behavior
is further elaborated in Figure 5.4, where the effect of the bath squeezing can be observed and is
consistent with the quadrature behavior of squeezing. This beneficial effect of squeezing is not
observed for the evolution under QND channel. From the present analysis, it could be envisaged
that a tomographic connection could be established between the state under consideration and
the generic open system interaction evolving it.
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Figure 5.3: The tomogram varying with time (t) is shown for a single spin- 12 atomic coherent
state in the presence of the SGAD noise for bath squeezing angle φ = pi, in the units of ~ =
kB = 1, with ω = 1.0, γ0 = 0.25, and α = pi2 , β =
pi
3 , β˜ =
pi
3 , γ˜ =
pi
4 . The smooth (blue),
dashed (red), and dot-dashed (magenta) lines correspond to the tomogram evolving with time
for different values of temperature and squeezing parameters T = 1, 10, and 10, and r = 0, 0,
and 1, respectively.
Figure 5.4: The tomogram for single spin- 12 atomic coherent state in the presence of SGAD
noise is shown as a function of the squeezing parameters r and φ with α = pi2 , β =
pi
3 , β˜ =
pi
3 , γ˜ =
pi
4 , and ω = 1.0, γ0 = 0.25, in the units of ~ = kB = 1, for T = 1 at time t = 1.
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5.3 Tomogram of two spin-12 (qubit) states
Various two-qubit tomography schemes have been proposed in the recent past [335–339]. Specif-
ically, the tomogram for two spin-12 (qubit) states can be obtained using the star product scheme
[335,336]. In [338], two-qubit states were analyzed from the perspective of tomographic causal
analysis, while in [339], an interesting connection between the tomographic construction of
two-qubit states to aspects of quantum correlations, such as discord and measurement induced
disturbance, was developed.
For a two-qubit state ρ one can obtain the tomogram as
ω (m1,m2) = Tr
[
ρ {Q1 (m1) ⊗ Q2 (m2)}] , (5.15)
where Qi (mi) = U
†
i |mi〉 〈mi|Ui, and mi = ±12 , while the unitary matrices Ui are
Ui =
 cos
β˜i
2 exp
{
i(α˜i+γ˜i)
2
}
sin β˜i2 exp
{
i(α˜i−γ˜i)
2
}
− sin β˜i2 exp
{
− i(α˜i−γ˜i)2
}
cos β˜i2 exp
{
− i(α˜i+γ˜i)2
}

for i ∈ {1, 2} . Thus, the tomogram of the two-qubit state can be written as the diagonal elements
of ρ˜, where ρ˜ = (U1 ⊗ U2) ρ (U1 ⊗ U2)† .
5.3.1 Tomogram of a two-qubit state under dissipative evolution in a vac-
uum bath
Here, we construct the tomogram of a two-qubit state in a vacuum bath under dissipative evolu-
tion, as discussed in Ref. [280]. The same is already discussed in reference of the quasiprobabil-
ity distributions for the two-qubit state under dissipative evolution in a vacuum bath in Section
4.4.1.1. Similar to Section 4.4.1.1, the initial state of the system is considered with one qubit
in the excited state |e1〉 and the other in the ground state |g2〉, i.e., |e1〉 |g2〉. The reduced den-
sity matrix of the system of interest, here the two qubits, is already discussed previously in Eq.
(4.28) with various terms defined in Section 4.4.1.1.
The tomogram can be thought of as a tomographic-probability vector ω = [ω1, ω2, ω3, ω4]T
(here T corresponds to the transpose of the vector), where each component can be expressed
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analytically as
ω1 (t) = 14
[
4ρee cos2
β˜1
2 cos
2 β˜2
2 + 4ρgg sin
2 β˜1
2 sin
2 β˜2
2 + (ρaa + ρss)
(
1 − cos β˜1 cos β˜2
)
− (ρaa
− ρss) sin β˜1 sin β˜2 cos (˜γ1 − γ˜2) +
{
ρsa
(
cos β˜1 − cos β˜2 − i sin β˜1 sin β˜2 sin (˜γ1 − γ˜2)
)
+
√
2
[(
(−ρea + ρes) cos2 β˜22 +
(
ρag + ρsg
)
sin2 β˜22
)
sin β˜1 exp (i˜γ1) + sin β˜2 exp (i˜γ2)
×
(
(ρea + ρes) cos2
β˜1
2 −
(
ρag − ρsg
)
sin2 β˜12
)]
+ exp (i˜γ1 + i˜γ2) ρeg sin β˜1 sin β˜2 + c.c.
}]
,
(5.16)
ω2 (t) = 14
[
4ρee cos2
β˜1
2 sin
2 β˜2
2 + 4ρgg sin
2 β˜1
2 cos
2 β˜2
2 + (ρaa + ρss)
(
1 + cos β˜1 cos β˜2
)
+ (ρaa
− ρss) sin β˜1 sin β˜2 cos (˜γ1 − γ˜2) +
{
ρsa
(
cos β˜1 + cos β˜2 + i sin β˜1 sin β˜2 sin (˜γ1 − γ˜2)
)
+
√
2
[((
ρag + ρsg
)
cos2 β˜22 − (ρea − ρes) sin2 β˜22
)
sin β˜1 exp (i˜γ1) + sin β˜2 exp (i˜γ2)
×
(
− (ρea + ρes) cos2 β˜12 +
(
ρag − ρsg
)
sin2 β˜12
)]
− exp (i˜γ1 + i˜γ2) ρeg sin β˜1 sin β˜2 + c.c.
}]
,
(5.17)
ω3 (t) = 14
[
4ρee sin2
β˜1
2 cos
2 β˜2
2 + 4ρgg cos
2 β˜1
2 sin
2 β˜2
2 + (ρaa + ρss)
(
1 + cos β˜1 cos β˜2
)
+ (ρaa
− ρss) sin β˜1 sin β˜2 cos (˜γ1 − γ˜2) +
{
−ρsa
(
cos β˜1 + cos β˜2 − i sin β˜1 sin β˜2 sin (˜γ1 − γ˜2)
)
+
√
2
[(
−
(
ρag + ρsg
)
sin2 β˜22 + (ρea − ρes) cos2 β˜22
)
sin β˜1 exp (i˜γ1) + sin β˜2 exp (i˜γ2)
×
(
(ρea + ρes) sin2
β˜1
2 −
(
ρag − ρsg
)
cos2 β˜12
)]
− exp (i˜γ1 + i˜γ2) ρeg sin β˜1 sin β˜2 + c.c.
}]
,
(5.18)
and
ω4 (t) = 14
[
4ρee sin2
β˜1
2 sin
2 β˜2
2 + 4ρgg cos
2 β˜1
2 cos
2 β˜2
2 + (ρaa + ρss)
(
1 − cos β˜1 cos β˜2
)
− (ρaa
− ρss) sin β˜1 sin β˜2 cos (˜γ1 − γ˜2) +
{
−ρsa
(
cos β˜1 − cos β˜2 + i sin β˜1 sin β˜2 sin (˜γ1 − γ˜2)
)
+
√
2
[(
−
(
ρag + ρsg
)
cos2 β˜22 + (ρea − ρes) sin2 β˜22
)
sin β˜1 exp (i˜γ1) + sin β˜2 exp (i˜γ2)
×
(
− (ρea + ρes) sin2 β˜12 +
(
ρag − ρsg
)
cos2 β˜12
)]
− exp (i˜γ1 + i˜γ2) ρeg sin β˜1 sin β˜2 + c.c.
}]
.
(5.19)
Here, ρi j are the elements of the matrix in Eq. (4.28). For simplicity of notations in writing, the
time dependence in the arguments of the matrix elements is omitted. Similar to the tomograms
for single spin-12 states, the tomogram obtained here is also free from α˜.
As in the cases of single-qubit tomograms, we can again verify that the tomogram obtained
here satisfies the condition
∑
ωi = ρee + ρgg + ρaa + ρss, which is the trace of the density matrix
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Figure 5.5: Various components of the tomogram changing with time are shown in (a)-(d) for
the two-qubit state, in the presence of the vacuum bath, with β˜1 = pi3 , β˜2 =
pi
4 , γ˜1 =
pi
3 , γ˜2 =
pi
4 ,
and the inter-qubit spacing r12 = 0.05 (2.0) corresponding to the smooth blue (red dashed) line.
given in Eq. (4.28) and hence equal to one.
For the case of identical qubits considered here, we take the wavevector and mean frequency
to be k0 = ω0 = 1, the spontaneous emission rate Γ j = 0.05, and µˆ·rˆi j = 0. Here, µˆ is the unit
vector along the atomic transition dipole moment, and rˆi j is the inter-atomic distance. Further,
the initial state of the system is taken to be ρee (0) = ρgg (0) = ρes (0) = ρea (0) = ρeg (0) =
ρsg (0) = ρag (0) = 0, and ρss (0) = ρaa (0) = ρsa (0) = 0.5.
Variation of all four components of the tomogram is shown with different parameters in
Figures 5.5 and 5.6. In Figure 5.5, large oscillations can be observed for small inter-qubit spac-
ing, which is consistent with the earlier observations in a plethora of scenario [264, 280, 340],
and also with our observations illustrated in Figures 4.3 and 4.4 in Chapter 4. Figure 5.6 fur-
ther demonstrates similar behavior for small inter-qubit spacing. For small inter-qubit spacing,
the ambient environment opens up a channel between the qubits resulting in enhancement of
oscillations.
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Figure 5.6: (a)-(d) depict the tomogram for the two-qubit state, interacting with a vacuum bath,
as a function of the inter-qubit spacing at t = 1 (smooth blue line) and t = 5 (red dashed line).
For all the plots, β˜1 = pi3 , β˜2 =
pi
4 , γ˜1 =
pi
3 , γ˜2 =
pi
4 .
5.4 Optical tomogram for a dissipative harmonic oscillator
At the end, we come to the tomogram of an infinite dimensional system, the harmonic oscillator.
This is typical of a plethora of oscillatory and optical systems [7,8]. In Ref. [294], the quantum
mechanics of the damped harmonic oscillator was examined, from the perspective of a classical
description of quantum mechanics [303]. Use was made of the generating function method,
resulting in the avoidance of the need to evaluate the Wigner function as an intermediary step
for obtaining the tomogram. Further, in [341], the density matrix, state tomogram, and Wigner
function of a parametric oscillator were studied.
Here, we construct the tomogram of the dissipative harmonic oscillator evolving under a
Lindbladian evolution, in a phase sensitive reservoir [342]. It would be pertinent to mention
that tomographic reconstruction of Gaussian states evolving under a Markovian evolution has
also been considered in [317]. The dissipative harmonic oscillator can be described by the
Hamiltonian described in Section 1.6 in Eq. (1.36), where the system Hamiltonian HS of a
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harmonic oscillator is described as
HS =
p2
2m
+
1
2
mω2x2,
while the reservoir Hamiltonian HR is given by
HR =
∑
j
p2j
2m j
+
1
2
m jω2j x
2
j ,
with the system-reservoir interaction Hamiltonian HI as
HI =
∑
j
c jxx j.
Here, the reservoir is modeled as a bath of harmonic oscillators with c j as the coupling constant.
The dynamics of the system harmonic oscillator is obtained by tracing over the reservoir degrees
of freedom. The optical tomogram from the Wigner function can be obtained using [37]
ω (X, θ) =
∫
W (X cos θ − p sin θ, X sin θ + p cos θ) dp, (5.20)
where W (x, y) is the Wigner function (1.14). Similarly, the corresponding Wigner function
can also be reconstructed from the tomogram by inverse Radon transformation. The analytic
expression of the tomogram for the system, initially in the coherent state |β〉 , is
ω(X, θ, t) =
√
2
pi
1√
(2Nth M+1)−(rMe−2iθ+c.c.)
exp
(
− 2(Re[βeiθ]e−kt−X)
2
(2Nth M+1)−(rMe−2iθ+c.c.)
)
. (5.21)
Here, Nth = 1exp(~ωk/kBT )−1 is the average thermal photon number of the environment at tem-
perature T . Also, r is the bath squeezing parameter, Re[u] denotes the real part of u, and
M = 1 − exp (−2kt) , where k is the dissipation coefficient, analogous to the spontaneous emis-
sion term.
In the corresponding figures for the tomogram with the specific values of different parame-
ters, we can observe the decay of the tomogram. Specifically, Figure 5.7 (a) shows the tomo-
gram of an initial coherent state, where we can see a beautiful valley like shape surrounded by
a mountain. Interestingly, a similar tomogram has been observed for a binomial state of large
dimension (cf. Figure 2 in [343]). However, in Figures 5.7 (b) and (c), we can see this sharp
135
CHAPTER 5. TOMOGRAMS FOR OPEN QUANTUM SYSTEMS: OPTICAL AND
SPIN SYSTEMS
Figure 5.7: The effect of interaction of the optical tomogram with its environment is shown as
a function of X and θ in (a)-(c) for Nth = 5, r = 1 for the initial coherent state parameter β = 2
at time t = 0, 1, and 10, respectively.
Figure 5.8: The tomogram of a dissipative harmonic oscillator varying with time is shown for
the initial coherent state parameter β = 2 and θ = pi3 . The smooth (blue) and dashed (red) lines
correspond to the tomogram for Nth = 5, r = 1 for X = 1 and 2, respectively. Similarly, the
dot-dashed (cyan) and dotted (magenta) lines correspond to the tomogram for Nth = 10, r = 4
for X = 1 and 2, respectively.
structure gradually fades away due to interaction with its surrounding. Thus, with an increase in
temperature, the effect of decoherence and dissipation, due to the ambient environment, deteri-
orates the obtained tomogram. Further, Figure 5.8 illustrates the effect of change of the average
thermal photon number and squeezing parameter, where in the smooth (blue) and dot-dashed
(cyan) lines, we can observe the enhancement of decay. Similarly, the dashed (red) and dotted
(magenta) lines also show the effect due to changes in the bath parameters for another set of
parameters.
5.5 Conclusions
Tomography is a powerful quantum state reconstruction tool. Its wide applicability in obtaining
quasiprobability distributions, quantum process tomography, and density matrix reconstruc-
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tion in quantum computation and communication is already established. For example, the
quasiprobability distributions discussed in Chapter 4 can be obtained from the tomograms di-
rectly accessible from the experimental data as computed in the present chapter. However, these
properties can get affected by the influence of the ambient environment. Here, an effort has been
made to study the evolution of tomograms for different quantum systems, both finite and infinite
dimensional, under general system-reservoir interactions, using the formalism of open quantum
systems. The effect of the environment on the finite dimensional quantum systems (spin states)
is to randomize the tomogram. For the spin quantum states, single and two spin-12 states are
considered with open quantum system effects. The increase in temperature tends to decohere
the tomograms, while squeezing is shown to be a useful quantum resource. Further, the tomo-
gram for an infinite dimensional system, the ubiquitous dissipative harmonic oscillator, is also
studied. The results obtained here are expected to have an impact on issues related to quantum
state reconstruction in the quantum computation, communication, and information processing.
Besides this, a tomogram for a spin-1 pure quantum state is also obtained. For the number-
phase states, a general expression is obtained and is illustrated through the example of a three-
level quantum (qutrit) system in a spontaneous emission channel. However, these results are
not included in the present chapter. Interested readers can find corresponding discussion in
Ref. [124], where the findings of the present chapter are published.
We can now conclude our discussion on the dynamics of the nonclassical properties of the
spin systems and their decoherence due to the effect of the environment. This would allow us
to summarize that nonclassical resources can be generated in the optical and spin states, which
are subjected to inevitable interactions with the surroundings causing a quantum to classical
transition. Whole motivation of the pursuit for generation of nonclassical states in newer and
simpler systems, studying the evolution of the nonclassical effects, and suppressing the effect
of decoherence on them, is justified by the next two chapters, where we report applications of
the nonclassical states in quantum communication and also study the effect of various types of
noise on those schemes.
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Controlled quantum communication
6.1 Introduction
In Chapter 1, we have already mentioned various applications of nonclassical states. In what
follows, in the present chapter and the next chapter, we will discuss some specific applications
of nonclassical states in the field of quantum communication. Therefore, here we are going to
briefly discuss historical development of quantum communication science, which will be useful
in the next chapter as well. The first quantum communication scheme, proposed by Bennett and
Brassard in 1984 [41], was based on the Wiesner’s idea of conjugate coding [344]. This protocol
for QKD is now known as the BB84 protocol. Interestingly, BB84 protocol was the first scheme
for unconditionally secure communication. As unconditional security is a desirable feature that
cannot be achieved in the classical world, BB84 protocol drew considerable attention of the
scientific community. Over the past few decades, BB84 protocol has been followed by several
schemes for secure quantum communication; and commercial quantum cryptography products
based on the BB84 protocol and the other protocols of secure quantum communication have also
been introduced (e.g., [345]). Here, we may note that BB84 protocol is also relevant for the fact
that it provided us the first useful example of a task, where enhancement in the performance
happens due to involvement of quantum resources [41]. Thus, it clearly established quantum
advantage in the context of secure communication. Subsequently, quantum supremacy has been
established in the context of insecure communication (e.g., teleportaion [107] and densecoding
[108]) and computation (viz., Deutsch’s [346], Deutsch-Jozsa [347], Grover’s [348], Shor’s
[349] algorithms).
On the basis of requirement for the security in the task in hand, protocols for quantum com-
munication can be divided into two subgroups–protocols for the insecure communication and
protocols for the secure communication. Specifically, the idea of quantum teleportation which
can be considered as the first scheme for insecure quantum communication was introduced by
Bennett et al. [107] in 1993. Subsequently, several schemes for quantum communication (e.g.,
the schemes for quantum information splitting or controlled teleportation [350, 351], quantum
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secret sharing [352], hierarchical quantum information splitting [353, 354], remote state prepa-
ration [355]), which can be viewed as modified teleportation schemes, have been proposed.
The teleportation scheme also inspired joint remote state preparation [356] and its hierarchical
version [357]. Further studies on these schemes drew considerable attention of the researchers
because of the facts that there does not exist any classical analogue of these schemes, and these
schemes can be used to develop protocols for the secure quantum communication and remote
quantum operations [358]. Additionally, quantum teleportation has also been linked to other
ideas of quantum information in various interesting works [61, 359, 360].
Several experimental realizations of quantum teleportation ( [361,362] and references therein)
and remote state preparation (i.e., teleportation of a known state) [363–366] schemes have also
been reported. Various groups have also reported proof of principle experimental realization of
teleportation [104, 315, 362, 367–369]. It is noteworthy that the optical realizations of quantum
teleportation involve non-deterministic Bell measurement [361], and also most of the recent
experiments have assigned the Bell state preparation task to a third party so that the telepor-
tation can be performed over twice the distance of conventional teleportation [370]. This idea
was found applicable to measurement device independent quantum cryptography [371]. Due
to its wide applicability in different information processing tasks, bidirectional counterpart of
teleportation, which is referred to as bidirectional state teleportation and its controlled variant
BCST have also been proposed. A focused discussion on the BCST scheme will be performed
in Section 6.2.
We are now in a position to discuss secure quantum communication schemes in detail. Par-
ticularly, to contemplate the quantum enhancement attained by the BB84 scheme [41] in the
field of secure communication, we need to understand the requirement of cryptography. Aptly,
the Greek meaning of the name itself suggests, cryptography (secret writing) is the art of trans-
mitting a message in a secure manner, and a critical analysis of a cryptographic protocol to
extract the inaccessible secret information is known as cryptanalysis. In general, both these
tasks are studied under a common subject called cryptology. At the core of the cryptography,
Kerckhoffs’s principle [372] plays an important role. Specifically, the principle states that the
cryptogram (obtained by performing an operation defined as a cipher or cryptosystem between
the message and the private key) is secure until the key used in preparing that is secure. In the
domain of classical physics, this secure key is obtained using one-way computationally com-
plex problems. For example, RSA cryptosystem [373] and Diffie-Hellman [374] schemes utilize
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computational complexity of the prime factorization and discrete logarithms problems, respec-
tively. As discussed previously, quantum enhancement in the information processing tasks also
led to certain quantum algorithms [348, 349] which ensured solutions to these complex prob-
lems, in turn, endangering corresponding classical cryptography scheme. Therefore, most of
the classical cryptographic protocols will not be secure once a scalable quantum computer is
built. In contrast, the security of the BB84 protocol [41] does not depend on certain computa-
tionally complex problem, rather it arises from the fact that any eavesdropping attempt by an
intruder (Eve) leads to a detectable disturbance. To be precise, an arbitrary attack by Eve reveals
her some useful information, but leaves detectable traces at the receiver’s end. Therefore, the
security of a quantum cryptographic protocol is ensured due to information versus disturbance
trade-off.
Thus, quantum cryptography has been flourishing over the last three decades due to the
possibility of the unconditional security, a task unachievable in the domain of classical physics.
Specifically, the BB84 protocol [41] uses four states, which was later modified to obtain a
scheme with only two states [42]. Meanwhile, an entangled-state-based protocol was proposed
in 1991 [106], where Alice (sender) and Bob (receiver) check the nonlocal correlations of a
quantum state prepared from a source kept between Alice and Bob and shared among them.
This requires six states and forms the basis of device independent cryptography [113]. This
was followed by another protocol using bipartite entanglement in 1992 [375]. Meanwhile, it
was shown that unconditionally secure quantum cryptography can also be accomplished using
only orthogonal state [376]. The unconditional security of all these schemes was analyzed on
different fronts over the time.
At the same time, cryptanalysts also kept designing attacks to gain access to the secret in-
formation leaving minimum traces ( [377, 378] and references therein). The first such attack
was photon number splitting attack [379] on the BB84 protocol [41], which exploited Alice’s
inability to generate single photon source at will. Precisely, all the single-photon-based imple-
mentation either use weak coherent pulses or heralded single photon sources. When they use
the former, there is a non-zero probability of obtaining more than one photons in a pulse. Ex-
ploiting which Eve may perform an operation that would stop all the single photon pulses and
store one photon each from every multi-photon pulses, allowing the rest of the photons to travel
to the receiver. This operation will allow Eve to know the whole key without being detected.
This is feasible as, in cryptography, we assume Alice and Bob are restricted by the present
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technology, while Eve is only restricted by the physical laws, which are governed by quantum
mechanics. The remedy for such an attack was soon discovered, which employs an intensity
modulator to mix multi-photon pulses randomly with the single photon pulses, called decoy
pulses, to detect the photon number splitting attack or any other such side-channel attacks. This
ensured the unconditional security of the decoy-qubit-based BB84 protocol. Later this idea of
using decoy qubits was extended to secure direct quantum communication, and it played a vital
role in establishing security of these protocols (see [380] for detailed discussion).
Interestingly, the security achieved in these schemes assumes the validity of quantum me-
chanics and trustworthy implementing devices [113]. To omit the second assumption and to
perform quantum cryptography with untrusted devices, the quantum correlations among the le-
gitimate users, which violate Bell nonlocality, i.e., cannot be reproduced by any hidden variable
model, are used. Due to the limitations in realizing the resource required to accomplish this
feat of device independent cryptography, researchers settle with one-side device independent
( [381] and references therein), where either preparation or measurement devices can be made
side-channel attack free. As characterization of a source is relatively easier and a measurement
device is more prone to quantum hacking [377], measurement device independent quantum
cryptography [371] has gained much attention recently. The quest to understand the powers
of quantum resources has also led to semi-quantum cryptography [382], where unconditionally
secure quantum communication is achieved between a classical and a quantum enabled user.
Another important facet of quantum cryptography, which is closely associated with the founda-
tional aspects of quantum mechanics, is counterfactual quantum cryptography [383], where the
final key is prepared with the help of only qubits which had not traveled through the channel
accessible to Eve.
This feature of unconditional security (see [384] for a review) and already available mar-
ketable products based on quantum cryptography have motivated further research in this field.
To name a few, apart from the initial works on QKD [41,42,106,375,376], various schemes con-
cerning secure direct quantum communication (secure communication circumventing the need
of a prior shared key) [385–390], QKA [391], quantum secret sharing [352] have been proposed
(see [46] for details). Specifically, in the secure direct quantum communication, the receiver
may or may not require an additional classical information to decode the message sent by the
sender; depending upon this, the protocol falls under the category of DSQC [360,389,392–398]
and QSDC [385–388, 399, 400], respectively. There is another novel technique of direct com-
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munication, QD [401], where both the users can send their information simultaneously, with
no need of a prior shared key. Further, a counterfactual direct communication scheme was not
only proposed in the recent past [70], is also experimentally realized recently [71]. Only other
reported experiment for a direct communication scheme are [44, 402].
All these schemes for secure direct quantum communication provide us a vast potential
for extension and modification to design the protocols for performing various cryptographic
tasks that have relevance in the real-life. We may consider an important scenario, where a
controller supervises the communication among all the remaining users, and he can maintain
his control by making sure that the communication is not accomplished without his consent
( [340,390] and references therein). Further, an asymmetric counterpart of the quantum dialogue
scheme [401] was also proposed [403]. Recently, a multiparty scheme for direct communication
among arbitrary number of parties has been proposed and christened quantum conference [404]
due to its analogy with conferences.
As we are restricting our applications of quantum resources solely to the domain of quantum
communication, in its vicinity lies a computation task which is worth mentioning here. Specifi-
cally, it is possible to define a class of functions with inputs from different parties, and the final
output of the function is to be calculated in such a way that no input is revealed [405]. There
are numerous tasks which can be viewed as applications of these types of secure multiparty
computation tasks, such as voting, private comparison, socialist-millionaire problem, sealed-
bid auction. In the domain of classical physics, it is known that a solution of a secure multiparty
computation task using a trusted party can also be performed without the trusted party, just by
increasing the complexity [406]. Evidently, the security in the quantum domain does not rely
on the computational powers of an eavesdropper, therefore when the secure two-party compu-
tation tasks were analyzed, it led to an impossibility of two-party secure computation without
third party [407]. However, when analyzed closely quantum resources made it feasible to ac-
complish the task with a dishonest third party, and several direct communication schemes could
be modified to obtain the solutions of the problems of socioeconomic relevance, e.g., protocols
of quantum voting [408], quantum private comparison [409, 410], quantum sealed-bid auc-
tion [411], quantum e-commerce [410], have been proposed by modifying schemes of secure
quantum communication which were originally designed for some other task(s).
It would be worth summarizing that the security achieved in all the cryptographic schemes
is based on the principle of splitting the whole information into two or more pieces, and the
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whole information can only be extracted if all the pieces are available simultaneously. Usually,
one of the parties prepares an entangled state to be used as a quantum channel and shares it with
all other parties in a secure way. By secure, we mean that a proper eavesdropping checking
technique is employed, after inserting the decoy qubits with the entangled qubits to ensure the
absence of Eve (see [380] for detailed discussion). Once this channel is shared, the legitimate
parties can securely share their secrets, either by teleportation or by encoding their information
using Pauli operations and sending the qubits to the receiver again in a secure manner.
During transmission of information to distant parties employing quantum resources, they
are expected to undergo decoherence due to interaction with the surroundings. Therefore, the
performance of a certain quantum communication scheme (both secure and insecure in nature)
in a realistic scenario, i.e., considering the effect of the environment, should be analyzed using
the open quantum system formalism adopted in Chapters 4-5. The relevance of this type of
studies can be recognized with our recent observations, where we have shown that a determin-
istic hierarchical joint remote state preparation scheme becomes probabilistic one [357] in the
noisy environments; the singlet-like non-orthogonal entangled (quasi-Bell) state may perform
best (worst) among the quasi-Bell states in the ideal (noisy) conditions [412]; and a three-stage
quantum cryptography scheme [413] fails under noisy environment [414]. This led us to analyze
the performance of a set of schemes for the quantum communication over a noisy channel(s).
The remaining part of the present chapter is organized as follows. A detailed discussion
of the BCST and other controlled quantum communication schemes is given in Section 6.2.
In Section 6.3, we provide a general mathematical structure of the quantum states suitable as
quantum channels for BCST schemes. In Section 6.4, a Bell-state-based protocol of BCST is
proposed, which is followed by a set of Bell-state-based protocols for other controlled quantum
communication tasks in Section 6.5. The performance of the proposed BCST and CQD schemes
is analyzed over AD and PD channels in Section 6.6 before concluding the chapter in Section
6.7.
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6.2 A brief introduction to controlled quantum communica-
tion
In 2001, Huelga et al. [358, 415] proposed a scheme for bidirectional state teleportation. This
protocol was of extreme interest because of the fact that in contrast to the original teloportation
scheme of Bennett et al. [107] (which was a one-way scheme in the sense that in the scheme
in its original form only Alice was allowed to transmit an unknown (single-qubit) quantum
state to Bob) Huelga et al.’s scheme allowed both Alice and Bob to simultaneously transmit
unknown quantum states to each other. Interestingly, a relation between quantum nonlocal
gates and bidirectional state teleportation was also established in the pioneering work of Huelga
et al. To visualize this point, we let us assume that Bob teleports a quantum state |ψ〉 to Alice.
Upon receiving it, Alice applies a unitary operator U on it and teleports back the modified state
|ψ′〉 = U |ψ〉 to Bob. Clearly, the existence of a scheme for bidirectional state teleportation is
equivalent to the ability to implement a nonlocal quantum gate or a quantum remote control.
Further extending the concept of bidirectional state teleportation, a large number of schemes for
BCST have been proposed [416–425].
Interestingly, one can visualize the three party BCST scheme as bidirectional state telepor-
tation provided the supervisor/controller (Charlie) has allowed the other two users (Alice and
Bob) to execute a protocol of bidirectional state teleportation. From the study of all the recently
proposed schemes of BCST [416–418,420–425], one can easily conclude that at least five qubits
are used in all those schemes. The intrinsic symmetry of the five-qubit quantum states used as
quantum channels in the BCST schemes was explored in [419] to provide a general structure
for the five-qubit quantum states suitable for performing a BCST protocol as follows:
|ψ〉 = 1√
2
(|ψ1〉A1B1 |ψ2〉A2B2 |a〉C1 ± |ψ3〉A1B1 |ψ4〉A2B2 |b〉C1) , (6.1)
where the single-qubit states |a〉 and |b〉 satisfy 〈a|b〉 = δa,b, |ψi〉 ∈ {|ψ+〉, |ψ−〉, |φ+〉, |φ−〉 :
|ψ1〉 , |ψ3〉, |ψ2〉 , |ψ4〉}, |ψ±〉 = |00〉±|11〉√2 , |φ±〉 =
|01〉±|10〉√
2
, and the subscripts A, B, and C indi-
cate the qubits of Alice, Bob, and Charlie, respectively. After preparing the quantum state |ψ〉
Charlie sends qubits A1 and A2 (B1 and B2) to Alice (Bob), and the last qubit remains with
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Initial state shared by Alice and Bob
SMO |ψ+〉 |ψ−〉 |φ+〉 |φ−〉
Receiver’s operation
00 I Z X iY
01 X iY I Z
10 Z I iY X
11 iY X Z I
Table 6.1: Unitary operations performed by the receiver in the quantum teleportation. Here,
SMO stands for the sender’s measurement outcome.
himself. The condition
|ψ1〉 , |ψ3〉, and |ψ2〉 , |ψ4〉 (6.2)
ensures that Charlie holds a qubit appropriately entangled with the rest of the qubits, which
makes sure that Alice and Bob remain ignorant of the entangled (Bell) states shared between
them until disclosure of the outcome of the measurement performed on Charlie’s qubit in
{|a〉, |b〉} basis. On Charlie’s announcement, Alice and Bob come to know with certainty the
Bell states they share, which enables them to employ the conventional teleportation scheme to
transmit unknown quantum states to each other with the help of classical communication and
local operations summarized in Table 6.1. A successful protocol of BCST requires Charlie to
control both directions of quantum communication. Incidentally, a few proposals for BCST in
the past had Charlie’s control limited to only one direction [418, 420] (for details see [125]).
The BCST scheme can also be achieved using more than five-qubit states if |a〉 and |b〉 are
chosen as multi-qubit states [421–425]. Motivated by these schemes for BCST using different
quantum channels, we have extended the general form (6.1) to provide mathematical structure
of quantum states suitable as quantum channels to accomplish the task of BCST. Further, both
experimental generation and maintenance of a six- or seven-qubit state are challenging tasks at
the moment. For instance, in Chapter 2, we observed that using the nonlinear optical couplers it
is possible to generate two-mode entanglement while the existence of three-mode entanglement
could not be established. This sets our motivation to attempt to minimize the required quantum
resources for a BCST scheme by performing it solely using Bell states. We would like to note
that in addition to the schemes for BCST, in the recent times, a few protocols for a set of other
controlled quantum communication tasks, i.e., CQD [426,427] and CDSQC [420], using multi-
qubit states have also been proposed. In what follows, we will also establish the feasibility of
designing Bell-state-based schemes for these tasks.
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Before we proceed further, it would be apt to note that here we employ the idea of quan-
tum cryptographic switch, introduced in [340] in a different context, to design various con-
trolled quantum communication schemes with minimal quantum resources. Specifically, the
schemes can be performed solely using Bell states by implementing PoP technique introduced
in 2003 [428]. This technique has been further used in many protocols ( [387, 389, 429, 430]
and references therein). Let us briefly introduce the concept of quantum cryptographic switch,
which describes a situation where the amount of information accessible to a receiver can be con-
trolled by a supervisor to a continuously varying degree. Note that the sender and receiver in all
the controlled quantum communication schemes should be semi-honest as otherwise, they can
set up a quantum channel between them to ignore the supervisor. To circumvent such possibil-
ities the sender and receiver may be assumed semi-honest (a user who follows the protocol but
tries to cheat the controller). Incidentally, the existing controlled quantum communication pro-
tocols did not specify this requirement. In the following section, we report a general structure
possessed by the quantum channels suitable for BCST scheme.
6.3 A general method for selecting a quantum channel for
bidirectional controlled state teleportation
Further extending Eq. (6.1) considering |a〉 and |b〉 as multi-qubit states, the general structure
of quantum channels for BCST can be obtained as
|ψ〉 =
n∑
m=1
1√
n
((
|ψi〉|ψ j〉
)
m
|am〉
)
, (6.3)
where |am〉 represent n mutually orthogonal l-qubit states such that 2l ≥ n ≥ 2. Here, both |ψi〉
and |ψ j〉 are multi-qubit maximally (nonmaximally) entangled states to be used for performing
perfect (probabilistic) teleportation. It is important that
(
|ψi〉|ψ j〉
)
m
=
(
|ψi〉|ψ j〉
)
m′
iff m = m′.
One can also observe for p-qubit entangled states |ψi〉 and |ψ j〉, n ≤ (2p)2 .
In what follows, we will discuss a systematic method for obtaining quantum channel for
BCST that satisfies all the aforementioned requirements as:
Step 1: The p-qubit entangled states may be chosen from the basis set {|ψi〉 : i ∈ {1, 2, . . . , 2p}}
to construct a 2p × 2p matrix S such that its ith row– jth column element is si j = |ψi〉|ψ j〉.
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Thus,
S ≡

|ψ1〉|ψ1〉 |ψ1〉|ψ2〉 · · · |ψ1〉|ψ2p〉
|ψ2〉|ψ1〉 |ψ2〉|ψ2〉 · · · |ψ2〉|ψ2p〉
...
...
. . .
...
|ψ2p〉|ψ1〉 |ψ2p〉|ψ2〉 · · · |ψ2p〉|ψ2p〉

. (6.4)
Step 2: A suitable quantum state of the form (6.3) can be constructed by choosing n ≥ 2
elements of S (i.e.,
(
|ψi〉|ψ j〉
)
m
) taking into consideration the following restrictions:
Rule 1: All the n elements cannot be chosen from the same row or column of the matrix1
(6.4).
Rule 2: One element cannot be chosen more than once2 as
(
|ψi〉|ψ j〉
)
m
=
(
|ψi〉|ψ j〉
)
m′
iff
m = m′.
Here, we refrain ourselves from discussing particular examples to elaborate the method
discussed here. Interested readers may refer to the published version of this work [126], where
the quantum channels used in the existing BCST schemes are also summarized as the special
cases of the general form proposed here. Further, a quantitative analysis of the total number of
possible quantum states (Ns) possessing the form (6.3) that can be constructed from S satisfying
the above mentioned rules reveals
Ns =

22p!
(22p−n)! for n > 2
p
2pn
(
2pn − 2p+1 + 1
)
for n ≤ 2p
(6.5)
for an n-th order subset of a basis set {|am〉} of p-qubit entangled states. The obtained result
(6.5) may be used to know the possible number of quantum channels, say for p = 2 (i.e., Bell
basis), if n ≤ 4, then Ns = 22n
(
22n − 7
)
and consequently, the desired quantum states can be
constructed in 144, 3648, and 63744 ways for n = 2, 3, and 4, respectively. While performing
this quantitative analysis of Ns, we have not considered the following: (i) the relative phases of
the superposition in (6.3), (ii) possible permutations of {|am〉}, and (iii) the number of ways in
which the subset of order n can be constructed. Inclusion of these factors will certainly enhance
1 If all the elements are chosen from the same row/column of S , then the obtained quantum channel will become
separable, and the supervisor’s control will remain in one direction only.
2This condition is necessary to ensure the bijective mapping between Charlie’s measurement result and the
reduced quantum channel between Alice and Bob. Note that, the task cannot be accomplished in the absence of
such unique mapping as the unitary operations to be applied by the receivers could not be determined.
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the number of ways a quantum channel for BCST schemes may be chosen which we are not
intending to obtain here. We rather want to show that the BCST schemes proposed so far use
only a very small subset of the quantum states able to perform the task. For instance, inclusion
of the factors (ii) and (iii) will further increase the obtained number of useful states by 2
l!
(2l−n)!
times for an arbitrary value of n, where l qubits of the quantum channel are hold by Charlie.
Thus, our discussion establishes that the systematic way introduced here provides infinitely
many useful quantum channels for BCST, but in view of the results obtained in Chapters 2-5, the
requirement of a BCST scheme with a smaller number of entangled qubits remains unanswered.
In what follows, we propose a BCST scheme that minimizes the number of entangled qubits as
it can be performed with only two-qubit entanglement.
6.4 Bidirectional controlled teleportation using Bell states
Our BCST scheme with semi-honest Alice and Bob, and supervisor Charlie works as follows:
1. Charlie arranges all the qubits, initially prepared in 2n Bell states with n ≥ 2, in four or-
dered sequences. The choice of each Bell state is purely random3). The ordered sequences
will be:
(a) A sequence consisting of only the first qubits of the first n Bell states: PA1 =[
p1 (tA) , p2 (tA) , . . . , pn (tA)
]
,
(b) A sequence consisting of only the first qubits of the last n Bell states: PA2 =[
pn+1 (tA) , pn+2 (tA) , . . . , p2n (tA)
]
,
(c) A sequence consisting of only the second qubits of the first n Bell states: PB1 =[
p1 (tB) , p2 (tB) , . . . , pn (tB)
]
,
(d) A sequence consisting of only the second qubits of the last n Bell states: PB2 =[
pn+1 (tB) , pn+2 (tB) , . . . , p2n (tB)
]
.
We have denoted the order of a particle pair pi = {tiA, tiB}, prepared in the Bell state, in the
subscript 1, 2, . . . , 2n.
3Charlie can use a quantum random number generator to generate a large sequence of 0 and 1 to decide the
choice of initial Bell state. For instance, he can prepare the first Bell state as |ψ+〉, |ψ−〉, |φ+〉, and |φ−〉 if the first
two bits in the generated string are 00, 01, 10, and 11, respectively.
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2. Charlie sends PA1 and PA2 to Alice, whereas applies n-qubit permutation operators Πn1
and Πn2 on the sequences PB1 and PB2 to generate two new sequences P
′
Bi = Πni PBi with
i ∈ {1, 2} to send to Bob. As Charlie withholds the information of permutation operators,
only Charlie is aware of the actual order.
The first (last) n Bell states are intended to be used for teleporting Alice’s (Bob’s) qubit.
3. The receipt of the qubits from Charlie makes the senders able to teleport their unknown
qubits |ψA j〉 = αA j |0〉+βA j |1〉 and |ψB j〉 = αB j |0〉+βB j |1〉, where |αx|2 + |βx|2 = 1. For which
Alice (Bob) can use the standard teleportation scheme to entangle her (his) unknown qubit
|ψA j〉 (|ψB j〉) with p j(tA) (p′n+ j(tB)) before measuring her (his) qubits in the computational
basis and announcing the measurement result.
It is imperative to discuss here that although Alice and Bob possess all the qubits of the
quantum channel shared between them, they cannot circumvent Charlie’s control due to
their inability to find the choices of the initial Bell state and permutation operator even
after their collusion. Precisely, Bob will not be able to reproduce the state teleported by
Alice using her measurement outcome as he is unaware of the qubit entangled with Alice’s
qubit and the initial Bell state. Incidentally, all the existing BCST schemes using quantum
channels possessing (6.1) or (6.3) form are vulnerable to such a collusion between Alice
and Bob.
4. Charlie discloses the initially prepared Bell state and the exact sequence Πn1
(
Πn2
)
if he
wishes to allow Bob (Alice) to accomplish the teleportion of qubit sent by Alice (Bob).
5. Using the information of the initial Bell states and the exact sequence, both Alice and Bob
can accomplish the BCST task by applying appropriate unitary operations as summarized
in Table 6.1.
The proposed protocol has numerous advantages which provide it an edge over the existing
proposals of BCST. Primary advantage is the requirement of minimal quantum resource, i.e.,
two-qubit entanglement, which increases the possibility of an experimental implementation of
the task. Further, the scheme provides more control to Charlie, i.e., he may choose to disclose
only one of the permutation operators, say Πn1 , if he wishes only Alice to Bob teleportation to
be accomplished. Interestingly, one may observe that such directional control was absent in the
existing BCST protocols as their exists a bijective mapping between the Charlie’s measurement
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outcome in {|a〉, |b〉} basis and the reduced state shared by them. Additionally, Charlie possesses
no control over the fidelity of the quantum state reconstructed by the receiver(s) in the ideal con-
dition, whereas our proposal based on the idea of quantum cryptographic switch allows Charlie
to control the maximum average fidelity that can be obtained in the BCST scheme implemented
by Alice and Bob. To understand the significance of quantum cryptographic switch here, let us
consider Charlie informs Bob that the parity-0 Bell states are twice more likely the candidate
for the first Bell state than the parity-1 Bell states, and equal parity states are equally likely.
Bob obtains a probability distribution
(
1
3 ,
1
3 ,
1
6 ,
1
6
)
with an entropy of 1.92 bits. Thus, Charlie
has revealed only c = 0.08 bits of information, and this will lead to indecisiveness at the Bob’s
end to choose appropriate unitary operation. Our BCST scheme not only reduces the required
quantum resources and provides better control to the supervisor, it is possible to extend the argu-
ment to design a multi-controlled bidirectional state teleportation scheme where one direction
of teleportation is controlled by Charlie1 and the other by Charlie2.
6.5 Other protocols of controlled quantum communication
using Bell states
There are various quantum cryptographic tasks (discussed in Section 6.1) that require entangled
state [41, 106, 385, 387, 389, 401, 430–433]. The PoP technique can be implemented to design
the controlled versions of all such two-party quantum communication schemes that require
only Bell states. Here, we will establish this strategy to obtain three party secure quantum
communication schemes from corresponding two-party quantum cryptographic protocol.
6.5.1 Controlled quantum dialogue protocol of Ba An type
Let us begin with summarizing the Ba An’s original two-party scheme of QD, which allows
both Alice and Bob to communicate simultaneously using a Bell state. The scheme works as
follows [401]:
Step 1 Bob prepares Bell state |φ+〉⊗n : |φ+〉 = |01〉+|10〉√
2
to be used as quantum channel with
the first (second) qubit as home (travel) qubit. Subsequently, he applies Pauli operations
I, X, iY, and Z to encode his secret 00, 01, 10, and 11, respectively, on the travel qubit
before sending it to Alice.
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Step 2 Bob sends the encoded sequence of the second qubits to Alice, and Alice informs him
the receipt of the travel qubit.
Step 3 Alice returns the travel qubit to Bob only after encoding her message using the encoding
rule discussed in Step 1.
Step 4 Alice announces the run to be either the message mode or control mode chosen ran-
domly. Bob measures the Bell states and can decode Alice’s secret in the message mode.
Bob’s announcement of his measurement outcome helps Alice to decode his message. In
contrast, Alice discloses her encoding operation in the control mode, using which Bob
performs eavesdropping check.
The two-party protocol can be converted into an equivalent three-party protocol with Charlie
supervising execution of QD scheme between semi-honest users Alice and Bob. Our modified
protocol with proper security measures works as follows:
Step 1 Charlie arranges all the first (second) qubits of n copies of Bell state |φ+〉 prepared by
him in the first (second) sequence PB1 (PB2).
Step 2 Charlie prepares a new sequence P′B1 = ΠnPB1 by applying an n-qubit permutation
operator Πn on PB1 . Finally, he sends both P
′
B1 and PB2 to Bob.
Step 3 Bob keeps the qubits of P′B1 as home qubits, whereas the qubits in PB2 are used as the
travel qubits. It is pre-decided to encode secret message 00, 01, 10, and 11 by using
Pauli operations I, X, iY, and Z, respectively. Thus, Bob encodes his secret on PB2 , which
transforms it to QB2 .
Step 4 Bob also prepares n single-qubit decoy states as ⊗nj=1|P j〉 : |P j〉 ∈ {|0〉, |1〉, |+〉, |−〉} to
insert randomly in QB2 to obtain an enlarged sequence RB2 to send to Alice. Subsequently,
he also confirms the receipt of all the qubits by Alice.
Step 5 Thereafter, Bob discloses the positions of randomly inserted decoy qubits in RB2 and
applies BB84 subroutine4 with the help of Alice. Specifically, if the computed error rate
exceeds (is below) the tolerable limit, then they abort (proceed with) the communication.
4BB84 subroutine [46] refers to the eavesdropping checking similar to the original BB84 protocol. The receiver
selects randomly half of the qubits received by him to measure them randomly in the computational {|0〉, |1〉} or
diagonal {|+〉, |−〉} basis. Subsequently, he announces the position of each measured qubit with its result and the
basis used for that. The sender checks his results with that he/she had prepared to detect any eavesdropping attempt.
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Note that Eve’s attempt for an intercept-resend attack will be detected in the eavesdrop-
ping check, and such attack will not reveal her encoding information of Bob.
Step 6 Alice also encodes her message and sends RB3 , the encoded sequence obtained after
randomly inserting n decoy qubits.
Step 7 On the successful receipt of RB3 , Alice and Bob perform eavesdropping check as in Step
5 and proceed only after confirming no such attempt has been made.
Step 8 Charlie discloses the exact sequence of PB1 when he desires Alice and Bob to accom-
plish the communication.
Step 9 With the help of Charlie’s information, Bob measures n Bell pairs and announces the
outcomes. Bob is aware of the initial and final Bell states, and his own encoding op-
eration, and thus he can extract Alice’s secret. Alice uses Bob’s measurement results,
knowledge of the initial states from Charlie, and her own encoding operations to obtain
message encoded by Bob.
If Charlie withholds the information of the exact sequence, the semi-honest Alice and Bob will
not be able to perform the QD protocol. Therefore, the proposed protocol is a CQD protocol.
We can restrict only Alice to send her message then the proposed protocol will transform to a
ping-pong-type CDSQC protocol. Note that the original ping-pong protocol [385] is a QSDC
scheme, but its controlled counterpart (and similarly controlled versions of other QSDC pro-
tocols) falls under CDSQC category as the classical communication of single-bit regarding the
quantum channel is involved. Interestingly, the sender in all the QSDC protocols may be as-
sumed transmitting only random sequence to be used as key, which is the desired task of a QKD
protocol. Thus, the CDSQC protocol reduced from the proposed CQD protocol is also able to
give a protocol of controlled QKD. A protocol of controlled QKA can also be obtained from the
above mentioned protocol by considering that Alice and Bob send random raw keys instead of
the meaningful messages to compute the final key. We would also like to mention if instead of
the BB84 subroutine for eavesdropping checking, one implements Goldenberg-Vaidman (GV)
type subroutine (see [429] for detail) using entangled decoy qubits, then all the cryptographic
tasks mentioned above can be implemented solely using orthogonal states. This shows that the
proposed protocols can also be modified to design corresponding orthogonal-state-based proto-
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cols, for which not many schemes are proposed. In what follows, we analyze the performance
of some of the controlled quantum communication schemes proposed here.
6.6 Effect of noise
We have already discussed and established in Chapters 2-5 that generation and maintenance of
multi-partite entanglement is much difficult in comparison to biparatite entanglement. In view
of that, the Bell-state-based BCST or CQD schemes have obvious advantage over the existing
schemes. Therefore, here we rather aim to obtain the suitable parameters for achieving best
performance when the travel qubits are subjected to noisy channel. For such study we can
assume that the qubits to be teleported remain unaffected by noise. As Charlie’s qubits in multi-
qubit-based BCST scheme (discussed in Section 6.3) also remains independent of the channel
noise, the performance of the BCST schemes in which Alice and Bob share a product of two
Bell states after Charlie’s measurement can be deduced from the present results.
In Section 1.6.3, we introduced the Kraus operators of AD and PD noise models. Specifi-
cally, the set of Kraus operators for the AD channel are given in Eq. (1.43). Here, we have used
p = (1 − ηA) to write [92]:
EA0 =
 1 00 √1 − ηA
 , EA1 =
 0
√
ηA
0 0
 . (6.6)
Similarly, the PD channel is described by the following set of Kraus operators [92]:
EP0 =
√
1 − ηP
 1 00 1
 , EP1 = √ηP
 1 00 0
 , EP2 = √ηP
 0 00 1
 . (6.7)
Although we study an independent effect of AD and PD channels, a similar study over collective
effect of both these channels in analogy of Ref. [434] can also be performed with the method
adopted here.
Without any loss of generality, we can assume the qubits to be teleported by Alice (Sender1)
and Bob (Sender2) are |ζ1〉S ′1 ≡ sin θ1|0〉+cos θ1 exp(iφ1)|1〉, and |ζ2〉S ′2 ≡ sin θ2|0〉+cos θ2 exp(iφ2)|1〉.
Also consider that Charlie prepares and shares two Bell states between Alice and Bob as
|ψ〉S 1R1S 2R2 = |ψ1〉S 1R1⊗ |ψ2〉S 2R2 with |ψi〉 ∈ {|ψ+〉, |ψ−〉, |φ+〉, |φ−〉}. Therefore, the composite
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state of the quantum channel and qubits to be teleported is |ψ′〉S 1R1S 2R2S ′1S ′2 = |ψ1〉S 1R1 ⊗ |ψ2〉S 2R2 ⊗
|ζ1〉S ′1 ⊗ |ζ2〉S ′2 , which can also be written after rearrangement of the qubits as
ρ = |ψ〉S 1S ′1R1S 2S ′2R2 S 1S ′1R1S 2S ′2R2〈ψ|.
Application of the Kraus operators (6.6) or (6.7) describing the noisy environment transforms
the initial state ρ to
ρk =
∑
i, j
Eki,S 1 ⊗ I2,S ′1 ⊗ Ekj,R1 ⊗ Ekj,S 2 ⊗ I2,S ′2 ⊗ Eki,R2ρ
(
Eki,S 1 ⊗ I2,S ′1 ⊗ Ekj,R1 ⊗ Ekj,S 2 ⊗ I2,S ′2 ⊗ Eki,R2
)†
.
(6.8)
Here, we have assumed for simplicity that both the qubits traveling from Charlie to Alice (simi-
larly both the qubits traveling from Charlie to Bob) are affected by the same Kraus operator. To
perform the BCST scheme, Alice (Bob) measures S 1 and S ′1 (S 2 and S
′
2) qubits in the computa-
tional basis after applying a CNOT operation with the control (target) on S ′i (S i) followed by a
hadamard gate on S ′i . For our discussion, we have assumed that such a measurement performed
by both Alice and Bob would result in |00〉. This outcome can be selectively chosen using the
measurement operator
U =
(
|00〉S 1S ′1S 1S ′1〈00|
)
⊗ I2,R1 ⊗
(
|00〉S 2S ′2S 2S ′2〈00|
)
⊗ I2,R2
to yield
ρk2 =
ρk1
Tr
(
ρk1
) .
From which, the quantum state of the receivers’ qubits R1 and R2 can be obtained by tracing
over the remaining qubits, i.e.,
ρk3 = TrS 1S ′1S 2S ′2
(
ρk2
)
.
The receivers have to use a Pauli operation to obtain the teleported qubits, which depends upon
the initial Bell state prepared by Charlie and the measurement results of the senders. As the
senders measurement outcomes are assumed to be |00〉, suppose Charlie prepares |ψ+〉⊗2, the
receivers would need not apply any operation. We can write the combined teleported state in
the ideal condition as |T 〉R1R2 = |ζ1〉S ′1 ⊗ |ζ2〉S ′2 . The performance of the proposed BCST scheme
can be quantified in terms of fidelity of the quantum state teleported in the ideal condition
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(|T 〉R1R2) with that in the noisy situation (ρk,out), which is computed as
F = 〈T |ρk,out|T 〉. (6.9)
Note that the definition of fidelity used here is the square of the conventional one.
Using this method, we obtained the teleported states in AD and PD channels as
ρA,out = NA

(1+ηA)4C2θ1C
2
θ2
(1−ηA)4
C2θ1 S 2θ2 e
−iφ2
2(1−ηA)3
S 2θ1C
2
θ2
e−iφ1
2(1−ηA)3
S 2θ1 S 2θ2 e
−iφ12
4(1−ηA)2
C2θ1 S 2θ2 e
iφ2
2(1−ηA)3
{
C2θ1 S
2
θ2
+η2AS
2
θ1
C2θ2
}
(1−ηA)2
S 2θ1 S 2θ2 e
−i∆φ
4(1−ηA)2
S 2θ1 S
2
θ2
e−iφ1
2(1−ηA)
S 2θ1C
2
θ2
eiφ1
2(1−ηA)3
S 2θ1 S 2θ2 e
i∆φ
4(1−ηA)2
{
η2AC
2
θ1
S 2θ2 +S
2
θ1
C2θ2
}
(1−ηA)2
S 2θ1 S 2θ2 e
−iφ2
2(1−ηA)
S 2θ1 S 2θ2 e
iφ12
4(1−ηA)2
S 2θ1 S
2
θ2
eiφ1
2(1−ηA)
S 2θ1 S 2θ2 e
iφ2
2(1−ηA) S
2
θ1
S 2θ2

(6.10)
and
ρP,out = NP

P11C2θ1C
2
θ2
2C2θ1S 2θ2e
−iφ2 2S 2θ1C
2
θ2
e−iφ1 S 2θ1S 2θ2e
−iφ12
2C2θ1S 2θ2e
iφ2 4C2θ1S
2
θ2
S 2θ1S 2θ2e
−i∆φ 2S 2θ1S
2
θ2
e−iφ1
2S 2θ1C
2
θ2
eiφ1 S 2θ1S 2θ2e
i∆φ 4S 2θ1C
2
θ2
2S 2θ1S 2θ2e
−iφ2
S 2θ1S 2θ2e
iφ12 2S 2θ1S
2
θ2
eiφ1 2S 2θ1S 2θ2e
iφ2 P11S 2θ1S
2
θ2

, (6.11)
respectively. Here, Cx = cos x, S x = sin x, φ12 = φ1 + φ2, ∆φ = (φ1 − φ2), P11 = 4(1−2ηP+2η
2
P)
2
(1−ηP)4 ,
NA =
4(1−ηA)4
2[(2−4ηA+5η2A−4η3A+2η4A)+ηA(2−3ηA+2η2A){cos 2θ1+cos 2θ2}+η2A cos 2θ1 cos 2θ2]
, and
NP =
(1 − ηP)4
2
[(
2 − 8ηP + 14η2P − 12η3P + 5η4P
)
+ 2η2P
(
2 − 4ηP + 3η2P
)
cos 2θ1 cos θ2
] .
The fidelity of the quantum states teleported in the BCST scheme over AD channel calculated
with the help of Eqs. (6.9) and (6.10) is
FAD = 116(2−4ηA+5η2A−4η3A+2η4A+η2A cos 2θ1 cos 2θ2+ηA(2−3ηA+2η2A)(cos 2θ1+cos 2θ2))
[
32 − 164ηA + 57η2A
− 26η3A + 10η4A + ηA
(
34 − 51ηA + 30η2A
)
(cos 2θ1 + cos 2θ2) + η2A
(
3 − 2ηA + 2η2A
)
× (cos 4θ1 + cos 4θ2) + 4η3A
(
3 − 2ηA + 2η2A
)
(cos 2θ1 cos 4θ2 + cos 4θ1 cos 2θ2)
+ 16η2A
(
2 − 2ηA + η2A
)
cos 2θ1 cos 2θ2 + η2A
(
1 − 2ηA + 2η2A
)
cos 4θ1 cos 4θ2
]
.
(6.12)
Similarly, the analytic expression of fidelity for the quantum state teleported using the proposed
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Initial
state
Operations
of Alice
Operations
of Bob
Fidelity in AD channel(
F′AD
) Fidelity in PD channel(
F′PD
)
X, iY X, iY F′AD1 =
4−8ηA+7η2A−2η3A+η4A
4(1−ηA+η2A)
|ψ±〉 I, Z I, Z F′AD2 = 4−8ηA+9η
2
A−4η3A+η4A
4(1−ηA+η2A)
F′PD1 =
2−6ηP+8η2P−4η3P+η4P
2(1−2ηP+2η2P)
X, iY I, Z F′AD3 =
(1−ηA)2(4+η2A)
4(1−ηA+η2A)
I, Z X, iY F′AD4 =
4−8ηA+7η2A−4η3A+η4A
4(1−ηA+η2A)
|φ±〉 I, X, iY, Z I, X, iY, Z F′AD5 = 14 (2 − ηA)2 F′PD2 = 12
(
2 − 2ηP + η2P
)
Table 6.2: The performance of the proposed CQD scheme is summarized in terms of the
analytic expressions of fidelity over AD and PD channels. We have used ′ in the superscript to
distinguish the present results from that of the BCST protocols. Similar to the BCST scheme
we have assumed that both the qubits of the Bell state are affected by same Kraus operator while
traveling through the same channel.
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Figure 6.1: Variation of fidelity that could be attained in the Bell-state-based BCST scheme
over AD and PD channels represented by the smooth (blue) and dashed (red) lines, respectively.
Two different values of the state parameters in (a) and (b) are θ1 = pi4 , θ2 =
pi
6 , and θ1 =
pi
4 , θ2 =
pi
3 ,
respectively.
BCST scheme calculated using Eqs. (6.9) and (6.11) is
FPD =
32−128ηP+210η2P−164η3P+59η4P+η2P{2−4ηP+3η2P}(16 cos 2θ1 cos 2θ2+cos 4θ1 cos 4θ2+3(cos 4θ1+cos 4θ2))
16(2−8ηP+14η2P−12η3P+5η4P+η2P{2−4ηP+3η2P} cos 2θ1 cos 2θ2) . (6.13)
A similar study is performed for the proposed CQD protocol in the AD and PD channels
taking into consideration that the obatined fidelity is expected to depend upon the quantum
channel prepared by Charlie and message encoded by Alice and Bob. We have summarized the
expressions for fidelity in all possible cases in Table 6.2.
The obtained fidelities FAD and FPD (in Eqs. (6.12)-(6.13)) are functions of the decoherence
rate ηk and the amplitude parameters θi and can be observed to be independent of the values of
phase φi of the quantum states to be teleported. This nature is consistent with similar studies
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Figure 6.2: Performance of the Bell-state-based BCST scheme over AD (in (a) and (b)) and
PD (in (c) and (d)) channels. For (a) and (c), we have chosen θ2 = pi6 ; whereas in (b) and (d),
η = 0.5.
performed on other teleportation based quantum communication schemes [286, 435]. Further,
in case of the CQD protocol, all the expressions of the obtained fidelity, as reported in Table
6.2, depend solely upon ηk. As the method adopted here to analyze the performance of quantum
communication schemes is quite general, a similar study can be performed for new communica-
tion tasks/schemes or other noise models, like GAD or SGAD channels [266,340] as discussed
in Chapter 4 and Pauli-type noise [436].
The dependence of the obtained fidelity in the Bell-state-based BCST scheme on noise and
state parameters is analyzed in Figures 6.1-6.2. Specifically, Figure 6.1 illustrates a comparative
study of the fidelity obtained over AD and PD channels for the BCST scheme with two different
choices of parameters of the quantum states to be teleported. In Figure 6.1 (a), higher fidelity
for the teleported state can be observed for the AD channel when compared with corresponding
PD channel with the same decoherence rate ηA = ηP = η. In contrast, a different choice of
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Figure 6.3: Variation of fidelity obtained in the proposed CQD protocol (summarized in Table
6.2) under the effects of AD and PD noise in (a) and (b), respectively. In (a), the smooth (blue)
line corresponds to the initial state |φ±〉, whereas the dotted (red), small dashed (magenta), dot-
dashed (cyan), and large dashed (green) lines represent fidelity with the initial state |ψ±〉, i.e.,
F′AD1, F
′
AD2, F
′
AD3, and F
′
AD4, respectively. Similarly, the smooth (blue) and dashed (red) lines
in (b) represent the fidelity for the CQD protocol over PD channel implemented with the initial
state |ψ±〉 and |φ±〉, respectively.
quantum states can be teleported with higher fidelity over the PD channel at higher values of
the decoherence rate (cf. Figure 6.1 (b)). Therefore, the present study shows that the choice
of the state to be teleported greatly affects the performance of the BCST scheme. We further
analyzed this observation in Figure 6.2 in two cases: (1) Variation of fidelity after fixing the
state parameters of Bob’s teleported state (i.e., all the quantum states with fixed θ2 and arbitrary
values of the relative phase φ1 and φ2). (2) For independent choice of quantum states to be
teleported by Alice and Bob while a fixed value of decoherence rate ηk = η = 0.5 for both
Charlie to Bob and Charlie to Alice quantum channels. Interestingly, the symmetry of the task
where both Alice and Bob are performing roles of the sender and receiver is clearly visible
in the expressions of fidelity and Figure 6.2. Also note that, we have used here fidelity as a
quantitative measure of the performance of the proposed teleportation scheme. Additionally,
average fidelity, minimum fidelity, and minimum assured fidelity are also used for the same
purpose, which are considered in our recent proposal for teleporting an unknown single-qubit
using non-orthogonal entangled states [412].
A similar study for the performance of the CQD protocol over AD and PD channels is
summarized in Figure 6.3. Figure 6.3 (b) clearly establishes |φ±〉 as the preferred choice of the
initial state for Charlie in comparison to |ψ±〉, when CQD is implemented over the PD channel.
However, no such symmetry could be observed over the AD channel (cf. Figure 6.3 (a)), where
the obtained fidelity also depends on the encoding operations performed by Alice and Bob
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unlike PD noise as reported in Table 6.2.
6.7 Conclusions
Several controlled quantum communication schemes (e.g., BCST, CDSQC, CQD) have been
proposed in the recent past using n-qubit (n ≥ 3) entanglement. Firstly, motivated by the
various protocols for BCST proposed in the past using m-qubit entanglement (m ∈ {5, 6, 7}) we
provided a systematic way to obtain new channels to implement the BCST scheme by giving the
general structure for such quantum states. We have also shown that all the quantum channels
used in the existing BCST schemes possess this form. However, this particular result is not
included in the present chapter and can be found as Table 2 in Ref. [126]. This also provides
infinitely many new possibilities of the quantum channels to be used for the implementation of
BCST schemes depending upon their experimental feasibility.
Thereafter, we have proposed a PoP-based protocol for BCST that uses solely Bell states
and thus reduced the complexity of the required quantum resources. This is followed by a CQD
scheme using PoP technique that can be reduced to other controlled quantum communication
(e.g., controlled QKD, controlled QKA, CDSQC) schemes. The performance of the proposed
BCST and CQD schemes is also analyzed over AD and PD channels. Also note that as remote
state preparation is teleportation of a known qubit, the Bell-state-based BCST scheme proposed
here can be reduced to a protocol of controlled bidirectional remote state preparation, which
is performed using five-qubit quantum states in the past [286, 437]. A scheme for controlled
bidirectional joint remote state preparation has also been proposed in the past using the seven-
qubit quantum states as [286]
|ψ〉 = 1√
2
(|GHZ1〉123|GHZ2〉456|a〉7 ± |GHZ3〉123|GHZ4〉456|b〉7) (6.14)
with GHZ1 , GHZ3 and GHZ2 , GHZ4, and GHZi with i ∈ {1, 2, 3, 4} is a GHZ state. Along
the same line, a GHZ-based protocol for controlled bidirectional joint remote state preparation
can be proposed, which will only require three-qubit entanglement.
An efficient application of PoP technique allows us to reduce the number of entangled qubits
required in the controlled quantum communication tasks, which enhances the possibilities of
the experimental realization of the schemes for such tasks. Additionally, the proposed schemes
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have a few intrinsic advantages, such as (i) The controller can reveal the useful information
to the receiver(s) in a continuously varying degree. (ii) The controller possesses a directional
control in the proposed BCST protocol by which he can allow only one out of two teleportation
to be accomplished by revealing only corresponding information. Such directional control was
not present in the BCST schemes proposed in the past. In view of these advantages, we expect
the results reported in the present chapter (which are published in two articles [125, 126]) will
play an important role in the future developments in the theoretical and experimental research
on the controlled quantum communication. To mention a few of them, we have recently shown
controlled quantum communication to play an important role in providing solutions for the tasks
having socioeconomic relevance, e.g., quantum solutions for voting [408], private comparison
[409], e-commerce [410] have been reported. In the next chapter, we will show that starting with
the CQD scheme proposed in this chapter, schemes for almost all other quantum cryptographic
tasks can be deduced.
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CHAPTER 7
Quantum cryptography over non-Markovian
channels
7.1 Introduction
In the previous chapter, we have already discussed a set of potential applications of nonclasscial
(entangled) states in both insecure and secure quantum communication. Specifically, we have
proposed an unconditionally secure CQD scheme and analyzed its performance over Marko-
vian channels. We have also shown that various other controlled cryptographic schemes can be
deduced from it. In the present chapter, we would like to exploit yet another interesting obser-
vation that if we start with a scheme for CQD, we can reduce it to almost all the schemes of
secure quantum communication. This point is discussed in detail in the forthcoming sections.
Further, in the following sections of this chapter, we aim to study the effect of non-Markovian
noise (introduced in Section 1.6.4) on the schemes for secure quantum communication.
Before we describe our findings, it would be apt to note that the feasibility of implemen-
tation of various quantum communication schemes, when subjected to noisy environment, has
been analyzed in the past. In particular, the schemes of QKD [43], QKA [43], CDSQC [340],
QSDC [43], CQD (in Chapter 6), QD [43], asymmetric QD [403], among others, have been
considered under the influence of both purely dephasing and damping noises. Most of these
investigations (cf. [43,340,403] and the works reported in the previous chapter) were restricted
to the domain of Markovian environments [265,266], though some attempts have been made to
study the effects of non-Markovian environments on quantum communication schemes, such as
teleportation [438, 439], densecoding [438], and entanglement swapping [440, 441]. The secu-
rity of a QKD protocol has also been analyzed over non-Markovian depolarizing channel [442].
All these attempts (except [442]) to examine the usefulness of entangled states under the in-
fluence of non-Markovian environments were restricted to insecure quantum communication,
where security is not required. However, in the secure quantum communication protocols, the
situation differs as it becomes relevant to differentiate between the disturbance caused due to
eavesdropping and the effects of noise. This sets the motivation for this part of the present thesis
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work, where we wish to analyze the exclusive effect of a non-Markovian noisy environment on
the CQD scheme introduced in the previous chapter. We have set ourselves a task (i) to study
the effect of non-Markovian noise on the fidelity of quantum states, done in detail for the CQD
scheme, and (ii) the impact of the said noise on a range of cryptographic protocols, such as the
CDSQC, QD, DSQC and QSDC protocols, that can be reduced from the CQD scheme. Here, it
would be pertinent to mention that (ii) can be obtained from (i) as special cases and this provides
the relevance to the present study.
It is well-known that environment-induced decoherence sets a limit on the efficiency of any
quantum-enhanced protocol [443–446]. Here, we do this by studying the effect of the noisy
channel on the protocols under consideration. Further, the channel is exposed to Eve, and in
principle, she may try to hide herself as noise (i.e., try to hide her presence by attributing the
error caused by her presence to the transmission noise considered here). Interestingly, such an
effort can be detected as there exist methods to distinguish between noise and Eve. Specially,
a method for distinction between transmission noise and Eve for single-photon-based QKD
scheme was proposed [379] (discussed in detail in Section 6.1), and the same for entangled-
state-based schemes of quantum cryptography was also introduced [446]. Thus, in brief, even
when the channel is exposed to Eve, it is technically correct to concentrate on the effect of
transmission noise on the efficiency of the scheme(s). However, we need to keep a specific
possibility in mind: in what follows, we will see that exploiting the non-Markovianity, better
performance (higher efficiency) can be attained compared with the corresponding Markovian
environment. Exploiting this fact, Eve may replace a Markovian channel between Alice and
Bob with a non-Markovian one and reduce the possibility of being detected. Thus, the tolera-
ble error limit should be set by the legitimate parties considering this possibility into account.
Further, to decide the tolerable error limit the users may require to characterize the channel.
For example, the noise present in the AD channel may be characterized and corrected [447].
Further, characterization of quantum dynamics with reduced code length and an example of
two-qubit noise have been investigated in the recent past in [448].
In what follows, we would specifically consider pure dephasing, damping and depolarizing
interactions with a non-Markovian reservoir. Though entanglement can be maintained for rela-
tively longer time due to dephasing non-Markovian interaction [282], it can show revival under
dissipative interactions [449]. As we are essentially using entangled states and entanglement re-
vival could be an interesting feature to affect the feasibility of quantum cryptographic schemes,
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we would like to address the problem here.
Non-Markovian noise has been attracting a lot of interest from both quantum optics and
quantum information communities, theoretically as well as experimentally. A paradigm for
studying non-Markovian evolution is the quantum Brownian motion [263, 450, 451]. Specifi-
cally, degradation of purity and nonclassicality of Gaussian states have been studied under the
effect of non-Markovian channels [452]. Dynamics of entanglement has been discussed in both
discrete [449, 453–455] and continuous [456] variable channels. Recently, dynamics of multi-
partite entanglement and its protection have been addressed [457]. The additional problems due
to non-Markovian noise in quantum error correction [458] and dynamical decoupling [459,460]
have also been discussed in the past. The non-Markovianity was also characterized from an in-
formation theoretic approach in terms of quantum Fisher information flow [461]. A number of
beautiful experiments depicting non-Markovian nature of the system-reservoir interaction have
also been performed [333, 462, 463].
The Kraus operators of non-Markovian dissipative and dephasing noise models are dis-
cussed in a concise manner (in Section 7.2). In Section 7.3, for the sake of introduction of the
notation that has been used in the rest of this chapter we briefly report the CQD scheme (in
Section 7.3.1), which was already discussed in detail in Section 6.5.1. Then, we study the effect
of non-Markovian noise on the feasibility of the CQD scheme. To quantify the effect of noise,
a distance-based measure known as fidelity (also used in the previous chapter) has been cal-
culated. Next, we reduce the scheme of CQD to design a CDSQC protocol (in Section 7.3.2),
a QD protocol (in Section 7.3.3), a DSQC and a QSDC protocols (in Section 7.3.4), a QKA
protocol (in Section 7.3.5), and finally, two well-known QKD protocols (in Section 7.3.6). The
QKD protocols discussed here are well-known as BB84 [41] and BBM [375] protocols. The
feasibility of all these schemes under the action of non-Markovian channels is also analyzed.
Finally, we conclude the chapter in Section 7.4.
7.2 Non-Markovian noise models
We briefly discuss below a few non-Markovian models that are subsequently used to study the
performance of various quantum cryptographic schemes. The dynamics of a system interacting
with its surroundings can be expressed in the operator-sum representation (see [88] for a review)
discussed in Section 1.6.1 as Eq. (1.39). Here, we use this approach to describe the dissipative
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and purely dephasing interactions with non-Markovian environments. As mentioned in Section
1.6.2, the Kraus operators for the damping noise under non-Markovian effects [449] are given
by Eq. (1.43), where p ≡ p (t) = exp (−Γt)
{
cos
(
dt
2
)
+ Γd sin
(
dt
2
)}2
with d =
√
2γΓ − Γ2. Here,
Γ is the line width which depends on the reservoir correlation time τr ≈ Γ−1; and γ is the
coupling strength related to qubit relaxation time τs ≈ γ−1. In the domain of large reservoir
correlation time compared to the qubit relaxation time, memory effects come into play. The
memory effects are characteristic of non-Markovian nature of dissipation. Interestingly, taking
p = (1 − η), the results obtained for AD noise under Markovian regime can be deduced, with η
being the decoherence rate of the AD channel.
Similarly, the Kraus operators for the purely dephasing non-Markovian noise [282] are given
by Eq. (1.42), where p ≡ p (t) = exp
[
−γ2
{
t + 1
Γ
(
exp (−Γt) − 1)}]. All the parameters have the
same meaning as above. Similar to the case of dissipative noise, the effect for the well-known
PD channel in the Markovian regime can be obtained from the obtained result by considering
p =
√
1 − η. In what follows, we consider an independent environment for each qubit as it
travels through different channels; a similar assumption has been made in [464, 465].
Finally, a non-Markovian depolarizing channel can be described by the Kraus operators
Ki =
√Piσi, where σ4 ≡ I and σis are the three Pauli matrices. The Pis should remain positive
to ensure the complete positivity for all values of γ j
Γ j
and are given by [466]
P1 = 14 [1 + Ω1 −Ω2 −Ω3] ,
P2 = 14 [1 −Ω1 + Ω2 −Ω3] ,
P3 = 14 [1 −Ω1 −Ω2 + Ω3] ,
and
P4 = 14 [1 + Ω1 + Ω2 + Ω3] . (7.1)
Here, Ωi = exp
(
−Γt2
) [
cos
(
Γdit
2
)
+ 1di sin
(
Γdit
2
)]
with di =
√
16
(
γ2j
Γ2j
+
γ2k
Γ2k
)
− 1 for i , j , k
[466]. Further, γ is the coupling strength of the system, and Γ is the noise bandwidth pa-
rameter. It should be noted that the Markovian case can be deduced from the above by taking
Ωi = exp
(
−γit2
)
with γi = 4Γ
(
γ2j + γ
2
k
)
for i , j , k [466].
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7.3 Effect of non-Markovianity on the secure quantum com-
munication schemes
In what follows, we consider the CQD scheme from the perspective of its implementation over
the above discussed non-Markovian channels. Further, the feasibility of a set of quantum cryp-
tographic protocols, under the influence of non-Markovian channels, is deduced from the CQD
scheme. For all the one-way schemes for quantum cryptography that are discussed here, we
consider Alice as the sender and Bob as the receiver, unless stated otherwise, whereas Char-
lie is the third party supervising the protocol and referred to as the controller. However, for
two-way schemes (e.g., QD, CQD), both Alice and Bob are considered to play dual roles of the
receiver and sender.
In order to analyze the efficiency of quantum cryptographic protocols over non-Markovian
channels, we have considered an independent environment for each separate channel between
different parties. In the independent environment case, each qubit is coupled to its own indepen-
dent environment, in contrast to the same reservoir in the collective decoherence case [280,467].
This may also be viewed as a special case where no interaction has been assumed between the
individual reservoirs of each qubit [467]. This assumption is valid for large spatial separation
between the corresponding qubits when compared to the coherence length of the environment.
Naturally, independent noise model is adopted in a large number of recent studies on the effect
of environment-induced decoherence on quantum-enhanced protocols ( [445,446,467,468], and
references therein). Further, this assumption is frequently used in the context of quantum error
correction [467] and quantum communication scenarios [468]. For instance, for teleportation
of a single-qubit over Markovian noisy channels [468]; attempts have been made to improve
the capacity of the quantum channel under the influence of non-Markovian environments [443].
Additionally, from the choices of different pi (corresponding to different coupling strengths be-
tween the individual qubits and their reservoirs), as considered here (and in [468]), one can
easily reduce to a special case, where individual environments are considered, but the coupling
strengths between different qubits and their reservoirs are the same.
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7.3.1 Controlled quantum dialogue
Let us start with a three-party protocol for quantum cryptography, where two parties (Alice
and Bob) wish to communicate simultaneously under the control of a third party (Charlie). In
fact, as mentioned in the last chapter, all the controlled communication protocols work under an
assumption that all the parties are semi-honest. In literature, this is sometimes viewed as Alice
and Bob lacking resources for state preparation, and consequently, they do not set up a quantum
channel between them; rather, they rely on Charlie to prepare it for them.
To begin with, we reintroduce the CQD scheme proposed in Chapter 6 for the sake of no-
tations used hereafter. Charlie prepares n copies of a Bell state and makes two strings S A and
S B of all the first and second qubits. Subsequently, he sends both the strings to Bob, only after
permuting S B1. Both Bob and Alice encode their secrets on the qubits in string S A and thus
accomplish the task in hand with the help of Charlie (see Section 6.5.1 for detail). Note that, if
the choice of Bell state prepared by Charlie is made public, it leads to some leakage, which is
often considered to be an inherent characteristic of the schemes for QD and its variants. How-
ever, such leakage can be circumvented if Charlie chooses the Bell state randomly and sends
his choice to Alice and Bob by using a scheme of DSQC or QSDC [403].
Suppose Charlie started with the initial state ρ = |ψ〉〈ψ|, where |ψ〉 ∈ {|ψ±〉, |φ±〉}. The
transformed density matrix over the noisy channel would become
ρ′ =
∑
i, j,k,l
(Kl (p4) ⊗ I) UAn (Kk (p3) ⊗ I) UBn
(
Ki (p1) ⊗ K j (p2)
)
ρ
((
Ki (p1) ⊗ K j (p2)
))†
× ((Kl (p4) ⊗ I) UAn (Kk (p3) ⊗ I) UBn)† ,
(7.2)
where Kis are the Kraus operators for a specific kind of noise discussed in the previous section,
and U js are the Pauli operations by Alice and Bob with j ∈ { j00, j01, j10, j11} for {I, X, iY,Z}.
Here, we have used different values of pis corresponding to each operation of the Kraus operator
(from Eq. (1.42), (1.43) or the depolarizing channel) on the initial quantum state as the coupling
strength during various rounds of the quantum communication is assumed to be different. It may
be noted that the summation in the right-hand side of Eq. (7.2) ensures that the map is positive.
Further, here, we have assumed that the qubits not traveling through a quantum channel are not
1Here, and in what follows, all the qubits traveling from one party to another are sent in a secure manner, i.e., to
send a sequence of n travel qubits, an equal number of decoy qubits are inserted randomly in the original sequence
of the travel qubits, and subsequently, these decoy qubits are measured to check the existence of eavesdropper(s).
Various choices of decoy qubits and the corresponding principles of security are discussed in [380].
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affected by noise (as in Chapter 6). There are various distance-based measures to quantify the
effect of noise on the quantum state, such as trace distance, fidelity, and the Bures distance [277].
The fidelity (given in Eq. (6.9)) of the transformed density matrix with the quantum state in the
ideal situation (i.e., in the absence of noise) would be [88]
F = 〈ψ′|ρ′|ψ′〉, (7.3)
where the expected quantum state |ψ′〉 = UAnUBn |ψ〉. Subsequently, average fidelity is obtained
by averaging over all the possible encoding operations that Alice and Bob are allowed to per-
form. Thus, the fidelity that we are discussing here, and in the rest of the chapter, is the average
fidelity.
The fidelity of the quantum state transformed under the damping effect of the non-Markovian
environment can be calculated using the standard definition of the fidelity (7.3), where the trans-
formed density matrix (7.2) has been obtained using the Kraus operators defined in Eq. (1.43).
The analytic expression of the fidelity is
F =
1
4
[
1 + 2
√
p1 p2 p3 p4 + p1 p3 p4 (2p2 − 1) + p3 p4 (1 − p2)] , (7.4)
when the initial quantum state prepared by Charlie is |ψ±〉. As the choice of initial state is solely
a decision of Charlie, an independent choice of the initial state, i.e., |φ±〉, would lead to the
following expression of fidelity
F =
1
4
[
1 + 2
√
p1 p2 p3 p4 + p1 p3 p4 + p3 p4 (p2 − 1)] . (7.5)
If the state prepared by Charlie were subjected to a non-Markovian dephasing noise, the
fidelity would be
F =
1
2
[
1 + p1 p2 p3 p4
]
, (7.6)
which has been calculated using the Kraus operators defined in Eq. (1.42) in the expression
of the transformed density matrix (7.2) and the fidelity (7.3). It is interesting to see that the
obtained fidelity is independent of the choice of the initial Bell state by Charlie. This is also
seen in analogous scenarios of the Markovian dephasing noise in Chapter 6 and Refs. [43, 357,
380, 403] and references therein. If we now consider that the system has evolved under the
169
CHAPTER 7. QUANTUM CRYPTOGRAPHY OVER NON-MARKOVIAN
CHANNELS
effect of a depolarizing channel, characterized by the parameters of the Kraus operators defined
in Eq. (7.1), then following the above prescription and using Eqs. (7.1) and (7.2) in Eq. (7.3),
the analytical expression for fidelity can be obtained as
F =
1
2
[
1 + Ω41 + Ω
4
2 + Ω
4
3
]
. (7.7)
It is interesting to observe the appearance of the fourth-order terms in all the fidelity ex-
pressions obtained over non-Markovian channels, a signature of four noisy channels acting on
the four different rounds of quantum communication. It should be mentioned here that instead
of sending both the strings to Bob, Charlie could have sent S A to Alice and S B to Bob. Sub-
sequently, Alice would have sent S A to Bob after encoding her message and Bob would have
encoded his message before performing the measurement. The obtained fidelity expressions in
this case turn out to be the same as that of the CDSQC protocol, discussed in the next subsection.
The effect of noise in the case discussed here is more than that in the case of CDSQC. Making
use of this observation, we analyze the scheme of CQD, described in the previous chapter, in
detail as the results obtained in the following subsections can be reduced from it.
Now, we will discuss the fidelities for different scenarios depicted in Eqs. (7.4)-(7.7), for
both Markovian and non-Markovian noises. The case of the non-Markovian damping/dephasing
channel is also considered for strong and weak coupling regimes. Specifically, we obtain results
in the strong and weak coupling regimes over non-Markovian damping channels Γ = 0.01γ and
Γ = 0.1γ, whereas for very high values, such as Γ = 5γ, it is found to reduce to the Markovian
case. In the following figures, we have used the notation NM, M, and NMS, which correspond to
the non-Markovian, Markovian, and non-Markovian (under strong coupling strengths) regimes
of interactions, respectively.
A comparative analysis of the effects of the non-Markovian (for both strong and weak cou-
plings) and Markovian noise is shown in Figures 7.1-7.4. In this case, though four different
coupling regimes are possible, one for each pis, we have restricted ourselves, for simplicity,
to the scenario of Charlie to Bob quantum channel having the same coupling strength for both
the travel qubits. Similarly, Bob to Alice quantum channel has the same coupling strength as
that for the other way round. We explicitly mention the two choices of regimes in Figure 7.1.
Specifically, Figures 7.1 (a) and (b) show the effect of damping quantified by fidelity on the
CQD scheme for different choices of the initial Bell states, i.e., |ψ±〉 and |φ±〉, respectively. It
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Figure 7.1: Variation of the average fidelity obtained for the CQD protocol with respect to
the dimensionless quantity γt is depicted when the travel qubits undergo a damping or dephas-
ing interaction with its surroundings. In (a) and (b), both the travel qubits may have different
coupling strengths during their various rounds of travels under damping effects, which are char-
acterized by pi : i ∈ {1, 2, 3, 4}. The values of the coupling strength for strong (weak) regime of
non-Markovian effect is chosen as Γ = 0.01γ (Γ = 0.1γ), and Γ = 5γ for Markovian regime. In
(a) and (b), the choice of the initial Bell states by Charlie is |ψ±〉 and |φ±〉, respectively. In (c),
similar cases over the dephasing channels are shown. In (d), both purely dephasing and damping
effects are shown together for strong coupling non-Markovian and Markovian regimes.
is interesting to observe that when both the qubits undergo damping, either in Markovian or in
strong coupling non-Markovian regimes, the choice of the initial Bell states becomes irrelevant
(see dashed (red) and large dashed (orange) curves in Figures 7.1 (a) and (b)). However, this
initial choice becomes considerably important for all the remaining cases, and |ψ±〉 states are
seen to be preferable as these states are less affected by the non-Markovian damping noise than
|φ±〉. Further, it is seen that, due to non-Markovian effects, the fidelity can be maintained for
a relatively larger period of time (i.e., the quantum state decoheres slowly in non-Markovian
environments in comparison with the corresponding Markovian environments), a feature that
depends on the coupling strength (cf. Figures 7.1 (a) and (b)). Another interesting characteris-
tic of this kind of non-Markovian noise is periodicity [449] and the kinks present in Figures 7.1
(a) and (b) are its signature. In Ref. [43] and Chapter 5, it was shown by us that the dilapidating
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Figure 7.2: The dependence of the obtained fidelity over the damping channel on the coupling
strength and rescaled time is illustrated through a contour plot in (a). (b) depicts the variation
of the fidelity for varying coupling strength and time for both purely dephasing and damping
non-Markovian channels in light (yellow) and dark (blue) colored surface plots, respectively.
influence of decoherence, due to Markovian damping, can be checked using squeezing. Here,
it is seen that the same task can also be achieved by exploiting non-Markovianity.
The effect of noisy environment is independent of the initial Bell state over dephasing chan-
nel, and the fidelity is observed to improve gradually with non-Markovian effects and coupling
strength (cf. Figure 7.1 (c)). Periodicity in the time variation of fidelity, when all interactions
are (strong) non-Markovian is not visible in the time scale of Figures 7.1 (a) and (b). For larger
time scales, this can be observed in Figure 7.1 (d), where fidelity over both the damping and
dephasing non-Markovian channels is shown together. It can be seen that the fidelity under the
effect of the damping noise decays faster than that over dephasing channel. At times, the fidelity
over damping channel is observed to be much larger than that over dephasing channels, which
remains constant at 1/2.
To analyze the effect of the coupling strength with varying time, we depict, in Figure 7.2,
a contour and a three dimensional plots. The ripplelike plot (cf. the blue-colored surface plot
in Figure 7.2 (b)) shows that with decreasing coupling strength the amplitudes of the revived
fidelity gradually become smaller. The same fact is also illustrated through a contour plot shown
in Figure 7.2 (a), where we can see that the area of the light-colored region reduces as we move
from bottom to top. Physically, this corresponds to a transition from the strong to weak coupling
non-Markovian regime and finally into the Markovian regime.
A similar analysis of the fidelity expression for the depolarizing channel is illustrated in
Figure 7.3. In Figure 7.3 (a), homogeneous depolarizing noise is assumed γi = γ ∀i ∈ {1, 2, 3},
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Figure 7.3: (a) The effect of non-Markovian depolarizing channel on the CQD scheme has been
illustrated for different values of the dimensionless quantity γ
Γ
indicated in the plot. (a) shows
the case of homogeneous non-Markovian depolarizing channel (i.e., γi
Γi
=
γ
Γ
∀i ∈ {1, 2, 3}). (b)
illustrates a comparison between the inhomogeneous cases of non-Markovian and Markovian
depolarizing channels. In (a), the constant c = Γ
∣∣∣∣∣∣
√
1+(pi/ log 3)2
32
∣∣∣∣∣∣, which is the maximum value
ensuring completely positive map for all times for the homogeneous case; in (b), the noise
parameters are γ3
Γ3
= 5, γi
Γi
= 0.2 for i ∈ {1, 2}.
for which γ ≤
∣∣∣∣∣∣
√
1+(pi/ log 3)2
32
∣∣∣∣∣∣ to ensure that the dynamical map is completely positive [442,466].
Interestingly, Figure 7.3 (a) shows that the fidelity falls gradually with the parameter γ
Γ
, which
determines the fluctuation due to the depolarizing channel. However, it can be noted that for
all the cases, the fidelity under non-Markovian environment is always greater than that for the
corresponding Markovian case, till all the plots merge, with time, to a single value. Further, for
the case of inhomogeneous fluctuations [442,466], we observe a revival in the fidelity in Figure
7.3 (b). Figure 7.3 summarizes that the non-Markovian depolarizing channel affects the system
less than the corresponding Markovian channel.
The change in coupling strength controls the transition from non-Markovian to Markovian
regime for both damping and dephasing channels. This dependence has been illustrated in Fig-
ure 7.4. The initial small changes (decrease) in the value of the coupling strength parameter
changes considerably the nature of the obtained fidelity, i.e., the periodicity and the maximum
value of fidelity after revival show ample changes for even a small change in the coupling
strength parameter. However, for small values of the coupling strength, this change becomes
less sensitive as reflected in the dense black lines corresponding to smaller values of the cou-
pling strengths.
A similar comparison of the effect of the non-Markovian and Markovian depolarizing chan-
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Figure 7.4: The effect of a change in the coupling strength on the fidelity is illustrated here
with a set of plots for damping and dephasing non-Markovian noise in (a) and (b), respectively.
Specifically, the parameter of the coupling strength Γ/γ varies from 0.001 to 0.03 in the steps
of 0.001 in both the plots.
nels shows that the fidelity sustains for a longer period of time under the influence of a non-
Markovian depolarizing channel and is more sensitive to small changes in the noise param-
eter, which controls the fluctuation. For higher values of the noise parameter, the variation
due to small changes in the noise parameters becomes negligible in both Markovian and non-
Markovian depolarizing channels.
In the following subsections, we will deduce corresponding results for the remaining cryp-
tographic tasks from the results obtained in this section for the fidelity (for the CQD scheme)
over various non-Markovian channels.
7.3.2 Controlled deterministic secure quantum communication
A protocol of CDSQC, based on quantum cryptographic switch, can be obtained from the CQD
scheme discussed in the previous subsection, i.e., when only a single party encodes and sends
his/her message in a secure manner via the quantum channel, which is decoded by the other
party [390]. To be precise, Charlie initially follows the same steps as discussed in Section
7.3.1, but instead of sending both the strings to Bob, he sends S A to Alice and S B to Bob.
Subsequently, Alice encodes her message as usual and sends the encoded qubit to Bob, who
decodes the secret by performing Bell state measurement on the partner pairs with the help of
Charlie [390].
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The CDSQC scheme and the effect of noise can be summarized as follows
ρ′ =
∑
i, j,l
(Kl (p4) ⊗ I) UAn
(
Ki (p1) ⊗ K j (p2)
)
ρ
(
(Kl (p4) ⊗ I) UAn
(
Ki (p1) ⊗ K j (p2)
))†
,
(7.8)
where all the parameters have the same meaning as in Section 7.3.1. It is interesting to observe
that the transformed density matrix in Eq. (7.8) can be obtained from Eq. (7.2) just by con-
sidering p3 = 1 and UBn = I. The fidelity can be calculated with respect to the quantum state
expected in the ideal situation, i.e., |ψ′〉 = UAn |ψ〉.
Due to this observation, the fidelity of the quantum states affected by the non-Markovian
noise for the CDSQC scheme can be obtained from the corresponding CQD expressions by
taking p3 = 1 in Eqs. (7.4)-(7.6). Interestingly, for the case of the depolarizing channel, the
fidelity can be shown to be
F =
1
2
[
1 + Ω31 + Ω
3
2 + Ω
3
3
]
, (7.9)
where the presence of cubic terms manifests the fact that the number of rounds of quantum com-
munication involved in this scheme is less than that for the scheme discussed in the previous
subsection. Specifically, the scheme for CDSQC requires three rounds of quantum communi-
cation, while the scheme for CQD requires four rounds.
The qubit traveling through the noisy channel may have different coupling strengths during
each round of travel. Here, we wish to emphasize this point with the help of three possible
coupling strengths for three noisy channels acting on the travel qubits. The observations made
above for the extreme cases, i.e., the qubits traveling through either non-Markovian channels
with strong coupling or Markovian channels all the time, remain valid here as well. Neverthe-
less, it cannot be conjectured that the more the number of non-Markovian channels, the higher
the fidelity. In particular, the large dot-dashed (purple) curve in Figures 7.5 (a) and (b) estab-
lishes that even lower fidelity is observed with lesser number of Markovian channels acting on
the travel qubits. In fact, Figure 7.5 (b) shows that the obtained fidelity for parity-1 Bell states
(i.e., |φ±〉) is less for all the cases when various noise channels had different coupling strengths
than that for the case of the travel qubits subjected to noisy channels with the same coupling
strength. However, no such nature is visible in Figure 7.5 (c) for the dephasing channels. It is
worth stressing here that out of the three possible choices for different coupling regimes cor-
responding to each pi, we have emphasized only on the interesting cases and mentioned them
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Figure 7.5: The dependence of the average fidelity obtained for the CDSQC protocol on the
coupling strength is illustrated through its variation with the dimensionless quantity γt, when
the travel qubits undergo damping (in (a) and (b)) or dephasing (in (c)) interaction with their
ambient surroundings. In (a) and (b), the initial state chosen by Charlie was |ψ±〉 and |φ±〉,
respectively. Here, we have chosen different values of all the coupling constants in various
regimes, i.e., non-Markovian with strong and weak couplings as well as for the Markovian
case. All the values of the coupling strengths corresponding to various regimes are same as
used in the previous plots. In (d), time variation of the fidelity for the CDSQC protocol over a
depolarizing channel is shown corresponding to the values that used in Figure 7.3 (b).
accordingly in Figure 7.5.
Interestingly, the fidelity in the CDSQC protocol falls below the corresponding Markovian
value, under the influence of the non-Markovian depolarizing channel, when all three noise pa-
rameters have different values (cf. Figure 7.5 (d)). This nature can be attributed to the presence
of cubic terms in the fidelity, Eq. (7.9).
7.3.3 Quantum dialogue
A CQD scheme can be viewed as a QD scheme under the supervision of a controller. Therefore,
a QD scheme can be easily derived from the CQD scheme if we consider the scenario that
one of the two communicating parties (i.e., either Alice or Bob) prepares and measures the
quantum state, while both the parties encode their secret on the same qubits. This QD scheme,
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which is obtained as a result of reduction from the CQD scheme described above, can be easily
recognized to be equivalent to the first QD protocol proposed by Ba An [401] (also discussed
in Section 6.5.1). The effect of noise on this scheme for QD can be obtained by considering
p1 = p2 = 1 in all the expressions of Section 7.3.1. This would imply that the initial state is
prepared by one of the communicating parties (say, Bob). Then, the transformed density matrix
and the fidelity expressions over the non-Markovian channels can be deduced from Eqs. (7.2)-
(7.6). Here, it is important to note that the effect of noise is independent of the choice of initial
Bell state by Charlie/Bob in all the schemes other than CQD and CDSQC. Similarly, under the
effect of depolarizing channels, the expression of fidelity turns out to be
F =
1
2
[
1 + Ω21 + Ω
2
2 + Ω
2
3
]
, (7.10)
due to two rounds of quantum communication of a travel qubit.
7.3.4 Quantum secure direct communication/Deterministic secure quan-
tum communication
As mentioned beforehand in Section 7.3.2, a CDSQC scheme can be viewed as a CQD scheme,
where only one party is allowed to encode. In the same way, a QSDC scheme (say, a ping-pong
protocol [385]) can be viewed as a scheme for QD [401], where one party (say Bob) is restricted
to encode identity only. Therefore, all the expressions of the fidelity for a QSDC scheme are
exactly the same as those for the scheme of QD.
A DSQC scheme can be reduced from the above-mentioned protocols if Bob incorporates
information splitting into two quantum pieces and sends them one after the other in two different
rounds of Bob to Alice communication [46]. Specifically, Bob prepares two strings (S A and S B)
as in Section 7.3.3 and sends the first string (say, S B) to Alice. He subsequently sends the
second string (i.e., S A) to Alice only if the first quantum part is received by Alice undisturbed.
The effect of non-Markovian noisy environment on this DSQC scheme can be obtained from
the corresponding expressions for the CQD scheme obtained in Section 7.3.1, if we consider
p1 = p4 = 1 and p2 = p′3 in Eqs. (7.4)-(7.6). Here, p
′
3 is used to show the effect of noise on
the second qubit traveling from Bob to Alice in the first round. In fact, it turns out to be exactly
similar to what is obtained for the QSDC scheme. Interestingly, in case of the depolarizing
noise, all the expressions for fidelity are found to be the same for QD, QSDC, and DSQC
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schemes. For the convenience of discussion for the DSQC scheme, we have chosen Bob (Alice)
as the sender (receiver).
So far, we have discussed quantum communication schemes where prior key generation is
circumvented by proper use of quantum resources. We may now proceed to key generation
schemes and investigate the effect of non-Markovian environment on them.
7.3.5 Quantum key agreement
A QKA scheme provides equal power to all the parties taking part in the key generation process
and does not allow members of a proper subset of the set of all users to solely decide the final
key. Here, we consider a completely orthogonal-state-based QKA scheme proposed in [391].
In this QKA protocol, a party (say Alice) sends her raw key to another party (say Bob) by
using a QSDC protocol, while the other party publicly announces his key. The security of the
final key is achieved by the unconditional security of Alice’s transmission of raw key using
quantum resources (i.e., from the security of the QSDC/DSQC scheme used by Alice and Bob
for Alice to Bob communication). Specifically, Alice transmits a key kA to Bob in a secure
manner, whereas Bob announces his key kB, publicly, and for all future communication, they
use a key kAB = kA⊕kB, where ⊕ denotes a bitwise XOR operation. Although Eve knows kB, she
cannot obtain any information about kAB as she knows nothing about kA. Thus, the security of
kAB depends on the security of kA. In other words, unconditional security of the QSDC scheme
involved here would ensure the security of the protocol for QKA. Interestingly, in [43], we have
shown that the effect of noise on this scheme is identical to the QSDC scheme discussed in the
previous Section 7.3.4. Since the observations made there remain valid here, we do not discuss
it in further detail.
7.3.6 Quantum key distribution
Any discussion on quantum cryptography remains incomplete without discussing a protocol that
changed the course of cryptography by establishing the feasibility of unconditional security.
In this section, we discuss two QKD protocols, which can be viewed as the variants of the
same scheme, differing only in the measurement procedure. Specifically, the BB84 [41] and
BBM [375] QKD protocols are discussed here. Before we proceed further, it would be apt
to note that in contrast to the fidelity expressions obtained in the earlier sections (which were
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average over all the encoding operations), for QKD protocols, the average fidelity is obtained
over all possible equally probable measurement outcomes.
In the BBM protocol [375], Alice prepares n Bell states and sends all the first qubits to
Bob, and both of them measure the qubits of the shared Bell states randomly in the computa-
tional ({|0〉, |1〉}) or diagonal ({|+〉, |−〉}) basis. Using the outcome of these measurements, they
finally obtain an unconditionally secure quantum key for those cases where both Alice and Bob
perform measurement using the same basis.
The BB84 protocol can also be viewed along the same lines, where Alice first measures
her qubit (i.e., second qubit) of each Bell state randomly either in the computational or diagonal
basis and then sends the other qubit to Bob. Finally, they can obtain a key by using the measure-
ment outcomes of half of those cases, where they have chosen the same basis. The other half
of the cases should be used for eavesdropping check. Specifically, when Alice and Bob have
performed measurement in the same basis, in the absence of Eve, their measurement outcomes
should match, and a mismatch would indicate the presence of Eve.
Interestingly, for the BBM protocol, the effect of noise can be considered by taking p1 =
p2 = p4 = 1 in Eqs. (7.4)-(7.6). Similarly, the effect of the depolarizing channel reduces the
fidelity to
F =
1
2
[1 + Ω1 + Ω2 + Ω3] . (7.11)
A similar study for the BB84 protocol results in the following fidelity over damping non-
Markovian channels
F =
1
4
[
2 +
√
p3 + p3
]
, (7.12)
while for the dephasing channel, the fidelity is
F =
1
4
[
3 + p3
]
. (7.13)
Further, the fidelity when the travel qubit in BB84 protocol is subjected to a depolarizing chan-
nel is
F =
1
2
[2 + Ω1 + Ω3] . (7.14)
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Figure 7.6: A comparative analysis of all the quantum cryptographic schemes discussed so
far over the non-Markovian channels. Each line in all three plots corresponds to the different
cryptographic scheme mentioned in the plot legend at the bottom of the figure. The light black
lines in all three plots represent the corresponding Markovian cases, and the black lines from
bottom to top show the average fidelity for CQD, CDSQC, QD, BBM (QKD), and BB84 (QKD)
protocols. The fidelity obtained for QSDC, DSQC, and QKA schemes is exactly the same as
that of the QD protocol.
Additionally, the present results can also be used to deduce the fidelity for a few other
quantum cryptographic schemes, which will reflect quantitatively the effect of non-Markovian
channels on the corresponding scheme. For example, the effect of noise on Ekert’s QKD pro-
tocol [106] can also be deduced from the results in Section 7.3.1, by taking p3 = p4 = 1 as
the source of entanglement is between both the parties, and both the entangled qubits travel
to Alice and Bob from there. Similarly, the feasibility of the B92 protocol [42] can also be
analyzed over the non-Markovian channels in analogy with the study for the BB84 protocol by
only considering two of the four single-qubit states (one each chosen from the computational
and diagonal basis).
Finally, we perform a comparative study for the fidelity obtained in each cryptographic
scheme to reveal the general nature of the effect of non-Markovian channels on all these schemes
(shown in Figure 7.6). Interestingly, the effect of noise depends on the number of rounds a
qubit is required to travel through the noisy channel, and thus on the complexity of the task in
hand. This fact is consistent with the recent observations on a set of Markovian channels [43].
Specifically, in the CQD scheme, one qubit travels from Charlie to Bob, while another qubit
travels from Charlie-Bob-Alice-Bob. Therefore, the maximum number of rounds of travels in
the set of secure quantum communication schemes discussed here is four for CQD scheme,
which decreases to three for CDSQC. It further reduces to two for QD, QSDC, DSQC, and
QKA schemes. The same fidelity for all these schemes further establishes this point. Finally,
BBM and BB84 QKD protocols require only one round of quantum communication. In fact,
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BBM and BB84 protocols use entangled and single-qubit states, respectively, to accomplish the
same task. Out of these two schemes, the BB84 QKD scheme is least affected by noise as it uses
single-qubit states, which were shown to be less affected due to Markovian channels in [43].
In Figures 7.6 (a) and (b), the fidelity variation over non-Markovian channels due to the
strong coupling of the travel qubits with the environment is depicted. Similarly, the effect of
different noise parameters corresponding to depolarizing channel is shown in Figure 7.6 (c).
Also shown is the effect of Markovian environment on the fidelity in all three cases, depicted by
thin smooth (black) lines. For all cases of Markovian dynamics, the observation that the effect
of noise depends on the rounds of quantum communication remains valid.
In Figure 7.6 (a), the revival in the fidelity over non-Markovian damping channel is seen to
decrease with an increase in the number of travel qubits. Similarly, the fidelity falls with increas-
ing rounds of quantum communication when subjected to dephasing non-Markovian channel,
as shown in Figure 7.6 (b). Out of the set of fidelities, over the depolarizing channel, those
having odd power terms, such as for the CDSQC and QKD protocols, show fidelity less than
that for the corresponding Markovian case. Otherwise, in all the remaining cases, the fidelity
over non-Markovian channels is more than that for the corresponding Markovian channels (cf.
Figure 7.6 (c)).
7.4 Conclusions
The present study on the effect of a set of non-Markovian channels on a three-party secure quan-
tum communication task (CQD) led to a number of interesting results. This serves to satisfy
the twofold motivation we had set ourselves, that is, to quantify the effect of non-Markovian
noise measured relative to Markovian noise and to obtain the impact of the noise on a range of
cryptographic protocols. Specifically, we have considered here a damping, a purely dephasing,
and a depolarizing non-Markovian channels to analyze the feasibility of some quantum cryp-
tographic schemes evolving under the influence of the non-Markovian environments. We have
started with a CQD scheme, based on a quantum cryptographic switch that uses Bell states.
Later, this scheme is modified to deduce the results for other quantum cryptographic tasks,
such as CDSQC, QSDC, DSQC. Apart from these direct communication schemes, the effect of
non-Markovian noise on some protocols of QKD and QKA are also analyzed.
It has been established that the effect of non-Markovian noise depends on the complexity of
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the desired task (the number of rounds of the travel qubits). We have observed that the BB84
QKD scheme is least affected due to non-Markovian channels, while the CQD scheme shows a
maximum fall in the fidelity. In fact, from the results obtained here one can also show that the
asymmetric QD scheme [403] will have the same effect as that on the QD protocol if the number
of travel qubits is kept unchanged. This fact is consistent with the results obtained here, that the
fidelity for QSDC, DSQC, and QKA schemes are exactly the same as that for the QD protocol.
In the recent past, we have established that squeezing is a useful quantum resource for quantum
cryptography as it can help to stall the effect of decoherence [43] (also shown for spin states
in Chapter 5). Here, we have shown that non-Markovianity can also be used to accomplish a
similar task.
Interestingly, the effect of noise on the CQD and CDSQC schemes are found to depend
on Charlie’s initial choice of the Bell state, while it is independent of this in all the remaining
schemes. Finally, our analysis has also revealed that the fidelity obtained in the case of damping
and dephasing channels depends on the coupling strength. We hope these results would bring
out the importance and utility of the non-Markovian behavior in the understanding of quantum
cryptographic protocols from the perspective of their practical implementation. The findings of
this chapter are published in Ref. [127].
In this part of the thesis (which includes this chapter and the previous chapter), we have
discussed the effect of Markovian and non-Markovian noise on a set of schemes for quantum
communication that can be implemented using minimum amount of nonclassical resources (in
terms of the number of entangled qubits). Thus, in general, in Chapters 2-3, we have reported
various physical systems that may lead to nonclassical states, and in Chapters 4-5, we have
discussed how does the consideration of open quantum system affects the dynamics of the
nonclassical states. Establishing the relevance of the studies reported in Chapters 2-5, in this
chapter and the previous chapter, we have reported some applications of the nonclassical states
(analyzing their performance over Markovian and non-Markovian channels). This provides a
kind of completeness to the work, and considering that we will conclude the present thesis work
in the following chapter.
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Conclusions and scope for the future work
Recently, interest in the studies focused on nonclassical states is growing fast due to their
promising applications in different domains of science and technology. Keeping this in mind,
we have discussed the feasibility of generation of nonclassical states in an asymmetric nonlinear
optical coupler operating under second harmonic generation in Chapter 2. Possibilities of ob-
serving quantum Zeno and anti-Zeno effects, which have foundational and practical relevance
in counterfactual quantum computation and communication, are also established in one such
optical system (in Chapter 3). While implementing quantum technologies, we need to take into
consideration the decoherence of the nonclassical states to be used under realistic conditions.
We have made attempts to obtain the dynamics of spin systems (in a single- and multi-qubit or
spin- 12 states) evolving under Markovian environments using quasiprobability distribution func-
tions and tomograms in Chapters 4-5. This study allows us to not only obtain the expectation
value of an arbitrary operator at any instant of time, also to obtain the dynamics of nonclassical-
ity present in the system and to quantify it. Finally, controlled communication (both insecure
and secure) schemes with minimum number of entangled qubits have been proposed in Chap-
ter 6, where the performance of the schemes is also analyzed over Markovian channels. The
optimized controlled secure quantum communication scheme was observed to be reducible to
several cryptographic tasks. Using this interesting observation, we have evaluated the perfor-
mance of a set of cryptographic schemes over non-Markovian channels in Chapter 7. In view
of this study, we list the major findings of the present thesis work in the next section.
8.1 Conclusions of the thesis work
Specifically, the main findings of the present thesis can be summarized as follows.
1. It is possible to generate lower- and higher-order nonclassical (squeezed, antibunched,
and entangled) states in an experimentally realizable asymmetric nonlinear optical cou-
pler composed of a linear waveguide and a nonlinear (quadratic) waveguide operated by
second harmonic generation. The same has been established with the help of moments-
based criteria in both codirectional and contradirectional propagation of fields.
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2. It is observed that the optical couplers studied here have some intrinsic advantages over
most of the other systems studied in the past as the systems studied here can be used
to build useful components (sources of nonclassical states, e.g., entanglement) in the
integrated waveguide-based structures in general and photonic circuits in particular.
3. A complete quantum mechanical description of the system Hamiltonian considering all
the fields as weak and the use of better solution (which is not restricted to short-length)
allowed us to observe some nonclassical features that were missed in the earlier studies
(specifically, nonclassicalities involving the second harmonic mode).
4. In both codirectional and contradirectional couplers, it is observed that the pump modes
always get (both lower- and higher-order) entangled. Further, three-mode state could not
be found fully entangled. However, as the intermodal entanglement is observed in the
pure state, it implies that the two linear modes in the coupler are maximally steerable.
5. It is found that the amount of nonclassicality can be controlled by various parameters,
such as the number of input photons in the linear mode, the linear and nonlinear coupling
constants, phase mismatch. The results also established that the nonclassical properties
of light can transfer from a nonlinear waveguide to a linear waveguide.
6. All the results obtained here in context of the contradirectional coupler show that in the
contradirectional propagation, the beams involved are more effectively matched com-
pared to the case of the codirectional propagation, and consequently the nonlinear in-
teraction is more effective, and the corresponding nonclassical effects are found to be
stronger.
7. The existence of quantum Zeno and anti-Zeno effects has been observed in a symmetric
and an asymmetric nonlinear optical couplers.
8. A completely quantum description of the primary physical system (i.e., a symmetric non-
linear optical coupler), an appropriate use of a perturbative technique, reducibility of the
results obtained for the symmetric nonlinear optical coupler to that of the asymmetric
nonlinear optical coupler, an easy experimental realizability of the physical systems, etc.,
are found to provide an edge to this work over the existing works on quantum Zeno effect
in optical couplers.
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9. The investigation on quantum Zeno and anti-Zeno effects led to several interesting ob-
servations, such as the analytic expressions obtained for both linear and nonlinear Zeno
parameters are same for the spontaneous case. It is concluded that a transition between
quantum Zeno and anti-Zeno effects is determined by the phase relations in the system.
Specifically, for the stimulated processes, the quantum Zeno (anti-Zeno) effect is found
to be related to the phase matching (phase mismatching).
10. In both the spontaneous and stimulated cases, it is observed that a transition between the
quantum anti-Zeno effect and quantum Zeno effect can be achieved by increasing the in-
tensity of the radiation field in the linear mode of the system waveguide, controlling the
phase of the fundamental and second harmonic modes in the system and probe waveg-
uides, and the phase mismatch between the fundamental and second harmonic modes in
the system waveguide.
11. The nonclassical features have been observed in a set of spin states using quasiproba-
bility distributions and tomograms with the open quantum system formalism. Further,
the obtained results were used to quantify the nonclassicality (using nonclassical volume)
present in the spin states. The tomogram for an infinite dimensional system, the ubiqui-
tous dissipative harmonic oscillator, is also obtained.
12. It is shown that the study would assume significance in questions related to quantum state
engineering, where the central point is to have a clear understanding of coherences in
the quantum mechanical system being used, and thus, it would be essential to have an
understanding of quantum to classical transitions, under ambient conditions.
13. Along with the well-known Wigner, P, and Q quasiprobability distributions, so called
F-function is also obtained and found to be equivalent to the Wigner function in case of
spin-qubit systems. It is observed that an increase in temperature tends to decohere the
tomograms, while squeezing is shown to be a useful quantum resource.
14. Applications of nonclassical (entangled) states have been proposed in the context of both
insecure and secure quantum communication schemes.
15. A general structure for the quantum states suitable as quantum channel for BCST schemes
(using n-qubit entangled states with n ≥ 5) is obtained. It is shown that the general
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structure of the quantum states can be used to generate infinitely many new quantum
channels, any of which can be selected to perform BCST depending upon its experimental
feasibility.
16. Optimal (with respect to the use of multi-partite entanglement) PoP-based protocols that
use only Bell states are designed for insecure (BCST) and secure (CQD) controlled quan-
tum communication.
17. It is found that the protocols for controlled quantum communication that are designed
using the concept of the quantum cryptographic switch have a set of advantages over the
existing protocols for the same task. For example, the controller can continuously vary
the amount of information revealed to the receiver(s) and the sender(s), and he also has
directional control in the BCST and similar protocols.
18. It is shown that a set of other schemes for controlled quantum cryptographic tasks and
various existing protocols of secure quantum communication can be reduced from the
proposed CQD scheme. Finally, the proposed controlled secure quantum communication
scheme is analyzed over Markovian and non-Markovian channels, and later the effect of
noise on various cryptographic schemes is deduced from it.
19. It has been established that the effect of non-Markovian noise (also Markovian noise
deduced in the limiting case) depends on the complexity of the task in hand, thus in turn,
on the number of rounds of the travel qubits. It is observed that the BB84 QKD scheme is
least affected due to non-Markovian channels, while the CQD scheme shows a maximum
fall in the fidelity.
20. The performance of the quantum cryptographic schemes is found to depend upon the
coupling strength between the qubits used and their surroundings. It is also observed that
squeezing can be helpful to stall the effect of decoherence in SGAD channels, and the
non-Markovianity can also be used to accomplish a similar task.
Therefore, the present thesis discusses generation of nonclassical states (in optical systems),
evolution of nonclassical behavior in the presence of decoherence due to ambient environment
(in spin systems), and finally applications of nonclassical states to obtain quantum advantage
in communication. For instance, the performance of the proposed unconditionally secure CQD
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scheme (and other schemes) using an optimized number of entangled qubits has been analyzed
over Markovian and non-Markovian channels.
Our focus so far has been to optimize the amount of nonclassical resources in several com-
munication schemes. In the future, we will attempt to exploit the maximum enhancement in the
performance that is achievable using various quantum resources. For example, device indepen-
dent and one-side device independent quantum cryptography with the help of Bell nonlocal and
EPR steering correlations.
8.2 Scope for the future work
The works reported in the present thesis provide us a general framework for the investigation
on the origin of nonclassicality, its applications, and the effect of noise on the nonclassicality
witnesses, measures, and the applications of nonclasssical features. As the methodology de-
veloped and used in this work is quite general, it can be further extended in numerous ways.
Some of the future scopes of the present work are listed below with a specific attention on those
possibilities which may be realized in the near future.
1. The work reported here is theoretical in nature, but most of the physical systems stud-
ied (such as codirectional and contradirectional couplers) are experimentally realizable.
Further, the schemes for various quantum information processing tasks designed and an-
alyzed here can also be realized using the existing technology. These facts lead to the
possibility that the theoretical results reported here may be verified experimentally in the
near future.
2. Various types of nonclassicality (with a special focus on entanglement) observed in the
nonlinear optical couplers can be quantified using the existing nonclassicality (entangle-
ment) measures (as used in Chapter 4).
3. Entanglement (and other correlations, such as steering, Bell nonlocality, discord) can be
studied for the system of interest considering open quantum system formalism.
4. Analogously, non-Gaussianity of the states generated in the systems studied here can be
analyzed (using both witnesses and measures of non-Gaussianity).
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5. Feasibility of observing linear and nonlinear quantum Zeno and anti-Zeno effects in the
domains of Markovian and non-Markovian noise can be investigated.
6. Optical designs for the physical realization of the quantum communication schemes pro-
posed here can be provided.
7. The effect of noise on other facets of quantum cryptography, such as counterfactual, de-
vice independent, and measurement-device independent quantum cryptography may also
be addressed in the near future. Further, efforts can be made to design new schemes for
these types of quantum cryptographic schemes.
8. In the present work, the effects of channel noise and eavesdropping are considered inde-
pendently. In the future, attempts can be made to study their effects simultaneously.
With the advent of experimental facilities and growing interest in the enhancement achiev-
able in the performance of numerous computation, communication, and other technological
aspects of our lives exploiting the true power of quantum (nonclassical) resources, we hope
that the theoretical work performed in the present thesis will be experimentally realized and
will lead to some devices/technologies having applications in daily life. Specifically, we expect
that the present work will play a significant role in the near future via the impacts of quantum
information processing on the society.
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